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Abstract: We use the plethystic exponential and the Mohen-Weyl formula to com- 
pute the Hilbert series (generating functions), which count gauge invariant operators 
in A/" = 1 supersymmetric SU{Nc), Sp{Nc), SO{Nc) and G2 gauge theories with 1 ad- 
joint chiral superfield, fundamental chiral superfields, and zero classical superpotential. 
The structure of the chiral ring through the generators and relations between them is 
examined using the plethystic logarithm and the character expansion technique. The 
palindromic numerator in the Hilbert series implies that the classical moduli space of 
adjoint SQCD is an affine Calabi-Yau cone over a weighted projective variety. 
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1. Introduction and Summary 

The rich structures of A/" = 1 Supersymmetric Quantum Chromodynamics (SQCD) 
chiral rings and moduli spaces has been studied in Q using the Plethystic Programme 
d, 1, 1, 1, 0, 1, 1, 111 , Molien-Weyl formula |l|, [H , and character expansions 



|T0], [T^ . We can generalise this theory in an interesting way by adding to it a chiral 
superfield (f) in the adjoint representation, and use the name termed in the literature, 

= 1 adjoint SQCD. In this paper, we shall focus on the theory with the SU{Nc), 
Sp{Nc), SO{Nc) and G2 gauge groups with vanishing classical superpotential. 

There have been a series of works fT^, 0, |T|, gg, ^, ^ on the SU{Nc) adjoint 



SQCD, as well as P3| , ^ on the SO{Nc) and Sp{Nc) theories with various classical 



superpotentials. It is known that the classical moduli space of the SU ( A^) theory does 



not get quantum corrections [|T9|, |20|, |2T[. However, due to technical difficulties, many 
aspects (e.g., Seiberg duality) of the zero classical superpotential theories have yet to 
be fully understood^. The main aim of this paper is to examine the structure of the 
chiral rings of adjoint SQCD (with zero superpotential) through the generators of the 
gauge invariant operators (GIOs) and their relations. 

We use the plethystic exponential and the Molien-Weyl formula to obtain Hilbert 
series^, which count GIOs. The generators and the relations in the chiral ring can be 
extracted from the plethystic logarithm of the Hilbert series. Using the character ex- 
pansion technique, we can also figure out how these generators and relations transform 
under the global symmetry. 



^Regarding this, let us quote the authors of [Q: 'This interesting model has so far resisted all 
attempts at a detailed understanding.' 

^There are 3 words which are synonymous: partition function, generating function and Hilbert 
series. The first one is the physics literature name, whereas the second and third ones typically appear 
in the mathematical literature. 
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Hilbert series also contain information about geometrical properties of the moduli 
space. We shall see in subsequent sections, for example, that plethystic logarithms of 
Hilbert series can indicate whether the moduli space is a complete intersection, and 
that the palindomic property of the Hilbert series implies that the moduli space is 
Calabi-Yau |, |T§. 

Below, we collect the main results of our work. 

Outline and key points. 

• In Section |^, we summarise the Plethystic Programme and Molien-Weyl formula. 

• In Section ^, Hilbert series of adjoint SQCD with SU{Nc) gauge group are con- 
structed. We analyse the generators and relations using the plethystic logarithm. 
We find that the total number of generators in SU{Nc) theory with Nf flavours 
is of order N^". 



In Subsection [4.2| , we count adjoint baryons in the SU{Nc) theory. This leads 
to an interesting combinatorial problem of partitions. We find an exponen- 
tially large number of adjoint baryons when Nc is large. The asymptotic 
formula is given by ( [4.461 ). 

In Subsection [4.3| , the canonical free energy of the theory is derived and 
found to be of order NfN^. 

In Subsection we focus on the complete intersection moduli space of the 
SU{Nc) theory {i.e., with 1 flavour). There is exactly one basic relation in 
this case. A general expression of such a relation for any Nc is given by 



The structures of generators and relations of the Sp{Nc), SO{Nc) and G2 adjoint 
SQCD are studied using Hilbert series in Sections ^ |, and 0. It is found that 
Sp{Nc) theories with 1 flavor, and SO{Nc) theories with 2 flavors have a moduli 
space which is a complete intersection, while the moduli space of SO{Nc) theo- 
ries with 1 flavor is freely generated. The number of relations for the complete 
intersection cases is equal to the rank of the gauge group and not to 1 as in the 
case of SU (Nc) with 1 flavor. 

In Section H, we take a geometric apergu of the moduli space of adjoint SQCD. 
We establish that the classical moduli space is an irreducible affine Calabi-Yau 
cone. 
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Notation for representations. In this paper, we represent an irreducible repre- 
sentation of a group G by its highest weight [ 1, where r = rank G. Young 
diagrams are also used in order to avoid cluttered notation. We also slightly abuse 
terminology by referring to each character by its corresponding representation. 

2. Plethystic Programme and Molien— Weyl Formula: 
A Recapitulation 

In order to write down explicit formulae and for performing computations we need 
to introduce weights for the different elements in the maximal torus of the different 
groups. We use 

• Za (with a = l,...,rank G) to denote 'colour' weights, i.e. coordinates of the 
maximal torus of the gauge group G ; 

• ti (with 2 = 1,..., Nf) to denote 'flavour' weights for the fundamental chiral su- 
perfield Q, i.e. coordinates of the maximal torus of the global U{Nf)i symmetry ; 

• ti (with i = 1, . . . , Nf) to denote 'flavour' weights for the antifundamental chiral 
superfield Q, i.e. coordinates of the maximal torus of the global U{Nf)2 symme- 
try ; 

• s to count the chiral superfield in the adjoint representation. 

These weights have the interpretation of fugacities for the charges they count and the 
characters of the representations are functions of these variables. Henceforth, we shall 
take ti, ii, s to be complex variables such that their absolute values lie between and 
1. 

Below we summarise important facts and conventions of the gauge groups and their 
Lie algebras which we shall use later [p5| : 

The group SU{Nc). Let us take the weights of the fundamental representation of 
SU{N,) to be 

Li = (l,0,...,0) , Lfc = (0,0,...,-l,l,...0) , L^, = (0,...,-l) , (2.1) 
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where all L's are {Nc — l)-tuples, and for Lk (with 2 < k < Nc — I) , we have —1 in the 
{k — l)-th position and 1 in the A;-th position. With this choice of weights, we find that 
the characters of the fundamental and antifundamental representations of SU {Nc) are 

Nc-l ^ 

[1, 0, ... , 0]su{Nc)(Za) ^ Zi+y2 — ^ + ' 

^ Zk-1 Zn,-1 

[0, . . . , 0, {za) = - + E ^ + ^^=-1 ■ (2.2) 

^1 k=2 

The roots of the Lie algebra of SU{Nc) are {La — Li,}ai^b- The character of the adjoint 
representation can be written as 



[1,0,..., 0, l]su{N,) = [1> 0, ■ ■ ■ > 0]5f/(7V,) X [0, . . . , 0, l\su{N,) 



= (7V,-1) + E , (2-3) 

a \ 1=1 / 

where the summation is taken over all roots a, and the notation ai denotes the number 
in the l-th position of the root a. For example, 

[l,lW,3, = 2 + ^i + -^ + ^i + 5 + -.-^ + ^- (2-4) 

Z2 Z1Z2 Z2 Zi Zi 

The group SO{Nc). We note that a special orthogonal group falls into one of the 
two categories of the classical groups, namely Bn = S0{2n + 1) and D„ = S0{2n). The 
Lie algebras of Bn and Dn both have the same rank n. The weights of the fundamental 
(vector) representations of B^ and D„ are respectively {0, iL^} and {±La}. With this 
choice, we can write down the characters of the fundamental representations of B^ and 
Dn respectively as 

[l,0,...,0]^JZa)^l + J2(^a + -) , 

a=l ^ 

[1,0,..., 0]^Jza)^J2 + ■ (2.5) 

a=l ^ 

The adjoint representation of Bn and Dn is the antisymmetric square of the correspond- 
ing fundamental representation: Adj^^^^^ = A^[l, 0, . . . , 0]b„,d„, and so its character is 
given by 

^diB„,D„iZa) = I ( ([1, 0, . . . , 0]B^,DMf - [1, 0, ... , 0]b„,dM)) ■ (2-6) 

The roots of the Lie algebras of Bn and D„ are respectively {±La ± L^, ±La,}a^b and 
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The group Sp{Nc). We shall use the notation such that the rank of the Lie algebra of 
Sp{Nc) is Nc, the fundamental representation of Sp{Nc) is 2Nc dimensional, and Sp{l) 
is isomorphic to SU (2). We define La = (0, . . . , 0, 1^;^, 0, . . . , 0), where the length of 
the tuple is Nc. The weights of the fundamental representation are {±Lm}- With this 
choice of L's, we find the character of the fundamental representation to be 

[l,0,...,0]spiN.){Za)=J2[^a + -) • (2.7) 

a=l ^ ' 

The adjoint representation of Sp{2Nc) is the symmetric square of the fundamental 
representation: Adjgpj-^^) = Sym^[l, 0, . . . , 0]sp(Nc)i and so its character is given by 

Adisp^N.){Za) = ^( ([1, 0, . . . , 0]spiN.){Za)y +[1,0,..., 0]spiN.){zl)^ . (2.8) 

The roots of the Lie algebra of Sp{Nc) are {±La ± Lb}, where 1 < a, 6 < Nc- 

The group G2- The Lie algebra of G2 has rank 2. We define Li = (2,-1), L2 = 
(— 1, 1). The weights of the fundamental representation are {0, ±Li, ±-^2, ±(Li + L2)}. 
With this choice of weights, the character of the fundamental representation is 

[l,0]a. = l + - + ^i + - + ^ + ^ + -. (2.9) 

Zi Z2 Z2 Z^ Zi 

The adjoint representation [0, Ijca is given by 

[0,1] = A2[1,0]g, -[1,0]g, 

= 2 + 1 + ., + 4 + - + - + ^ + ^ + ^2 + ^ + ^ + ^ + 4- (2-10) 

Zi Z2 Z2 Z2 Z2 Z2 Z^ Zi Z\ z^ 

The plethystic exponential. The chiral GIOs are symmetric functions of the funda- 
mental chiral superfields Q^, the antifundamental chiral superfields Qf , and the adjoint 
chiral superfield which transform respectively in the fundamental, the antifundamen- 
tal, and the adjoint representations of the gauge group G. A convenient combinatorial 
tool which constructs symmetric products of representations is the plethystic expo- 
nential [H, H, 1^, ^, ^ ^ p, ^, |1^, which is a generator for symmetrisation. To briefly 
remind the reader, we define the plethystic exponential of a multi-variable function 
g{ti, . . . ,tn) that vanishes at the origin, g{0, . . . , 0) = 0, to be 



PE[^(ti,...,tO]:=exp(X]^^^i^-^) . (2.11) 

,r=l 
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Using formula and the expansion — log(l— a;) = YlT=i ^''/k, we have, for example, 



PE 



Nf 



[1,0, . . . ,o]su{Nc)y^ji 



PE 



PE 



i=l 



Nf 



[l,0,...,0]B„$^t. 



i=l 



Nf 



[l,0,...,0]z5„5^t. 



1=1 



nfi[(i-te)(i-^)ns'(i-«.e7: 

1 



1 



(2.12) 



The Molien— Weyl formula. We emphasize that, in order to obtain the generating 
function that counts gauge invariant quantities, we need to project the representations 
of the gauge group generated by the plethystic exponential onto the trivial subrepresen- 
tation, which consists of the quantities invariant under the action of the gauge group. 
Using knowledge from representation theory, this can be done by integrating over the 
whole group. Hence, the generating function for the gauge group G with Nf chiral mul- 
tiplets in the fundamental representation, A^^ chiral multiplets in the anitfundamental 
representaton, and 1 chiral multiplet in the adjoint representation is given by 



9 



iNf,G} 



df^G PE 



G 



Nf 



Nf 



adjoint i^^ax 



i=l 



1=1 



(2.13) 



where the notation x signifies the character. This formula is called the Molien— Weyl 
formula [HI, 



11, 12, 13, 14, 15 



In the following section, we shall demonstrate in 
details how to use this formula to count GIOs. We note that the Haar measure for the 
gauge group /xg is given by 



d/i, 



G 



(27rz) 



kil=i 



dzi 

\Zr\ = l ^1 



n 




(2.14) 



where are positive roots^ of the Lie algebra of the gauge group G and r = rank G. 



We note that the Haar measure we use here is different from those in ||] . The former involves 
only positive roots and therefore has no Weyl group normalisation. This proves to extensively reduce 
the amount of computations. 
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For example, 




The Hilbert series. A Hilbert series is a function that counts chiral gauge invari- 
ant operators and has the interpretation of a partition function at zero temperature 
and non-zero chemical potentials for global conserved U{1) charges. It can be written 
as a rational function whose numerator is a polynomial with integer coefficients. Im- 
portantly, the powers of the denominators are such that the leading pole captures the 
dimension of the manifold. 

The plethystic logarithm. Information about the generators of the moduli space 
and the relations they satisfy can be computed by using the plethystic logarithm 
[|I], 0, H, ^ ^ ^, |T6|, which is the inverse function of the plethystic exponential. Using 
the Mobius function /i(r) we define: 

PLbfe.....t„)]:=f: ^''-"°^f (2,16) 

The significance of the series expansion of the plethystic logarithm is that the first terms 
with plus sign give the basic generators while the first terms with the minus sign give the 
constraints between these basic generators. If the formula ( |2.16|) is an infinite series of 
terms with plus and minus signs, then the moduli space is not a complete intersection^ 

"'Mathematicians refer to the dimension of the moduh space (or the order of the pole of the series 
for i = 1) as the KruU dimension. 
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and the constraints in the chiral ring are not trivially generated by relations between 
the basic generators, but receive stepwise corrections at higher degree. These are the 
so-called higher syzygies. 

3. Dimension of the Moduli Space 

At a generic point of the moduli space, the gauge symmetry G is broken completely, 
and hence there are d{G) broken generators. In the Higgs mechanism, a massless vector 
multiplet 'eats' an entire chiral multiplet to form a massive vector multiplet. Originally, 
we have d{G) degrees of freedom coming from the chiral superfields in the adjoint 
representation (which is d{G) dimensional), and N^d{D) degrees of freedom coming 
from the chiral superfields in the fundamental (and antifundamental) representation 
(which is d{D) dimensional). Therefore, of the original d{G) + N^d{\Ji) chiral degrees of 
freedom, only [d{G) + N^d{C\)] — d{G) = N^d{n\) singlets are left massless. Therefore, 
the dimension of the moduli space M. is 

dimM^N^d(n). (3.1) 

For the SU {Nc) adjoint SQCD with Nf chiral superfields in the fundamental rep- 
resentation and Nf chiral superfields in the antifundamental representation, we have 
= 2Nf and d{n) = N^. Therefore, 

dim MiNf,su{N,)) = ^NfNc . (3.2) 

For the Sp{Nc) adjoint SQCD with 2Nf chiral superfields in the fundamental rep- 
resentation, we have — 2Nf and £?(□) — 2Nc. Therefore, 

dim M^Nf,SpiN.)) = ^NfN, . (3.3) 

For the SO{Nc) adjoint SQCD with Nf chiral superfields in the fundamental (vec- 
tor) representation, we have Ny^ — Nf and d{n) — Nc- Therefore, 

dim M(Nf,so{N,)) = NfN^ . (3.4) 

For the G2 adjoint SQCD with Nf chiral superfields in the fundamental represen- 
tation, we have A^;^ = Nf and d{n) — 7. Therefore, 

dimM(Nf,G2)^7Nf . (3.5) 
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4. The SU{Nc) Gauge Groups 



Let us consider the SU{Nc) theory with Nf chiral superfields transforming in the fun- 
damental representation, Nf chiral superfields transforming in the antifundamental 
representation [i.e. Nf flavours), and 1 chiral superfield transforming in the adjoint 
representation. The anomaly-free global symmetry of this theory |jl9| is SU{Nf) x 
SU{Nf) X U{1)b X U{1)r, X U{1)r,. 



4.1 Examples of Hilbert Series 

Below we shall derive Hilbert series for various cases. 



4.1.1 The SU{2) Gauge Group 



We start the analysis by the simplest case of the SU{2) gauge theory with 2Nf chiral 
superfields transforming in the fundamental representation [Nf flavours) ^ and 1 chiral 
multiplet transforming in the adjoint representation. The Molien-Weyl formula can be 
written explicitly as: 



giNf,sui2))^^^^^ = — / —(1 - z') PE [2Nf[l]t + [2] 
2m z 



dz 1 — z"^ 



2m z (1 - tz)2^/(i - 1)2^/(1 - s){i - sz^){i - j,) ■ 

(4.1) 



Noting that < |t|, |s| < 1, we use the residue theorem with the poles z = t, ^/s, — i/i 



'Note that the number of fundamental chiral superfields must be even due to the global Z2 anomaly. 
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and find that 



9 



{2,SU{2)) 



is,t) 



9 



is,t) 



{3,SU{2)) 



(l-s2)(l-t2)(l_st2)2 

1 + + + + Sst^ + s^t^ + 3s^t'^ + sH"^ + Ss^t"^ + + 3st*^ + Gs^t^ + 

1 + _^ 6st2 _ 9si4 _^ g2^4 _^ ^^6 _ 9g2^6 _^ g^2^8 _^ ^3^8 _^ ^3^10 
(1-S2)(l_t2)5(l_ 3^2)4 

1 + + + et^ + lOsi^ + es^t^ + lOs^t^ + 6sH'^ + lOs^t^ + 20t^ + 

1 + + + 15*2 + 21st2 + ISs^t^ + 21s^t2 + ISs^'t^ + 215^*^ + 105t^ + 

210st^ + 2315^*^ + 2WsH^ + 231sH^ + 210s^t^ + 0{s^)0{t^) , 

1 + + + 28*2 + 36st2 + 285^*2 + 3652^2 + 28s''t2 + 3555^2 _^ 332^4 _^ 

630st^ + 666s2t4 + 6305^*^ + 666s^t^ + 630s^t^ + 0{s^)0{f) , 

1 + + s^ + 45*2 + 55st2 + 45^2*2 + 55^3^2 _^ ^^^4^2 ^ 55^5^2 ^ g25t^ + 

1485si^ + 154052*4 + 14855^*4 + 15405^*^ + 14855^*^ + 0{s^)0{t^) . (4.2) 



Looking at these generating functions, it is possible to predict the order of the 
numerator and the terms in the denominator of the generating function for a case with 
Nf fundamental quarks: 

JNj,SU{2)) ^ P{2Nf-l),i8Nf^6)is,t) 

^ (l-s2)(l-t2)47V,-3(l_5^2)27V,' l^-'^^ 

where Pa,b{s, t) is a polynomial of degree a in s and of degree b in t. The calculation is 
simpler when we make a further identification s = t. In which case, we can write down 
a general form of the generating function: 



y q+t)2iV,-3(l_^2)2JV,(i_^3)27V, ' ^^"^^ 



where PsNf-eit) is a palindromic polynomial of degree SNj — 6 in * with P87v^_6(l) 7^ 
for all Nf. Observe that the order of the pole at t = 1 of g(^f'^'^('^^^{^t) is 4:Nf. Therefore, 
the dimension of the moduh space J^(Nf,su{2)) is 4A^/, in agreement with (|3^) and ( p. 31) . 



Character expansion. We can write down the generating function for an arbitary 
number of flavous Nf in terms of representations of the global symmetry SU{2Nf) as 
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follows: 

oo oo oo 

?ii=0 n2=0 m=0 

oo oo 

= S S f^""'' °' • • • ' O]^"'^'"'""'"' • (4-5) 

ni=0 712=0 

We emphasise that Yzp- does factor out from the character expansion. 

Plethystic logarithms. We shall calculate the plethystic logarithms of the generat- 
ing functions in ( [4.2| ) using formula ( |2.16| ): 

PL [^(1.5^(2)) t)] = s' + t' + 3st' - sH' , 

PL[^{3,5t/(2))(^^^)] = + 15^2 + 21st' - 15t' - 105st^ - 105s¥ + 0(s^)0(t^) 
PL[^{4,5C/{2))^^^ t)] = + 28t' + 3Qst' - 70t^ - 378st^ - 336sV + 0(s^)0(t^) 
PL[^(5,5[/(2))(^^ t)] = + 45t2 + 55st' - 210t^ - 990st^ - 825s V + 0(s^)0(t^) . 

(4.6) 

Observe that only plethystic logarithm of polynomial. Therefore, the 

moduli space of the SU{2) gauge theory with 1 flavour and 1 adjoint matter is a 
complete intersection. 

Generators of the GIOs. According to ([4.6|) , we see that there are only 3 types of 
generators of the GIOs in the SU{2) theory, namely 

Casimir invariants : ^ u = Tr((/)^) : [0, . . . , 0] 1 dimensional , 

Mesons : ^ ^ ^abQt^ gi . [q, . . . , Q] {'^f) dimensional , 

Adjoint mesons : st'^ A'^ = e''^e'"^Q\(t)hc Qi ■ [2, 0, ... , 0] Nf{2Nf + 1) dimensional . 

Note that the total number of generators is quadratic in Nf, 

1 + (^^^^ + Nf{2Nf + 1) = + 1 . (4.7) 

Relations between the generators. From plethystic logarithms ( [4.6|) , we see that 
there are 3 types of basic relations: 

• Order t^: The relations are known from the theory without adjoint: 

Pf M = e,,,„i^^ M'^'^M'^'^ = . (4.8) 
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They transform in the SU {'2Nf) representation [0, 0, 0, 1, 0, . . . , 0]. We note that 
this is contained in the decomposition of the symmetric square of the represen- 
tation [0, 1, 0, . . . , 0] at order t'^. 

• Order st"^: The relations transform in the representation [1, 0, 1, 0, . . . , 0], which 
is contained in the decomposition of the antisymmetric product of the repre- 
sentation [2, 0, ... , 0] at order st"^ and the representation [0, 1, 0, . . . , 0] at order 
t\ 

• Order s^t^: The relations transform in the representation [0, 2, 0, .... 0], which 
is contained in the decomposition of the symmetric square of the representation 
[2, 0, ... , 0] at order st"^. In the case of 1 flavour, there is only 1 basic relation 
which can be written out explicitly as 

^11^22 _ ^^12^2 ^ 1^ ^^.^y ^ Q _ 

In summary, for the SU (2) theory, we have the basic relations which transform in the 
SU{2Nf) representations [0, 0, 0, 1, 0, . . . , 0], [1, 0, 1, 0, . . . , 0], and [0, 2, 0, . . . , 0]. 

Therefore, we may write down a general expression of the plethystic logarithm in 
terms of SU {2Nf) representations as 

PL[^(^/.^^(2))(., t)] = [0, . . . , 0]s' + [0, 1, . . . , 0]f + [2,0,..., 0]^^^ 

-[0, 0, 0, 1, 0, ... , 0]t^ - [1, 0, 1, 0, ... , 0]st^ - [0, 2, 0, ... , 0]s¥ + 0{s^)0{f) . 

(4.10) 

4.1.2 The SU{3) Gauge Group 

Now let us turn to the SU{3) theory with Nf flavours and 1 adjoint matter. We 
have Nf chiral superfields transforming in the fundamental representation, Nf chiral 
superfields transforming in the antifundamental representation, and 1 chiral superfield 
transforming in the adjoint representation. Therefore, we can apply the Molien-Weyl 
formula to our theory as follows: 

^"' = (2^ / f / f a-...)(i-|)(i-|)pE[iv,|i.oi*+«,io.ii*>[uW 

\Z1\ = 1 \Z2\ = 1 

1 f dz, r dz, (1 - ^1^2) (i - S) (i - 1) 



(1 - sz,z,){l - - - - )(1 - - sf ■ ^^'"'^ 
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Applying the residue theorem, we have 

1 £,6j.373 



(1 - S2) (1 _ s3) (1 _ tt) (1 - sti) (1 - sHi) (1 - §3^3) (1 _ ^3^3) 

= l + s'^ + s^ + s'^ + s^ + 2s^ + sh^ + sh^ + sH^ + ti+ sti + 2sHi + 
2sHi + SsHi + 3sHi + Ashi + t^P + si^? + ZsH'^P + SsH'^P + 
5sH'^P + 5sH^P + Tsh'^P + s^P + s^P + s^P + PP + sPP + 
Ss^t^f^ + AsW + 6s^t^f^ + TsH^P + lOsW + 0(/)0(t^)0(t^) , 
gi2,su{3)) ^ J) ^ 1 + g2 ^ ^3 ^ ^4 ^ ^5 ^ + 2sP + 2sH^ + QsH^ + AsH^ + 8s^i^ + ^sh^ + 

4tt + Astt + Ss^tt + 8s^tt + l2sHt + 12s^tt + IQsHt + lOt^P + IGst^P + 

ZhsH"^? + AisH'^P + msH'^P + msH'^P + SbsH'^P + 2sP + 2s'^P + 

2MsH^P + 244s^i^? + 316s^i^? + 0(s^)0(t^)0(t^) , 
^(3,5{7(3)) ^ J) ^ 1 + g2 ^ ^3 ^ ^4 ^ ^5 ^ + + Sst^ + QsH^ + 19s^i^ + llsH^ + 27s^i^ + 

28s^i^ + m + 9stt + ISsHt + 18s3tt + 27s^tt + 21s^tt + msHt + 
AbPP + SlsPP + 162sh'^f + 1985^*2? + 279sH'^P + 315s^t'^P + 
396s^t2? + + 8sf^ + 95^? + 19s^P + 17s^? + 27s^P + 28s^P + 

+ AOAst^P + 893sH^P + ISOlsH^P + ISSlsH^P + 2289s^t^P + 
28785^*=^? + 0(/)0(t^)0(t^) , 

^(4,5[/(3)) ^ J) ^ 1 + g2 ^ ^3 ^ ^4 ^ ^5 ^ + 4*^ + 20st^ + 245^*^ + 44s^i^ + 44s^t^ + GAs^t^ + 
68sH^ + 16tt + msti + 32s2tt + 32s^tt + 48s^tt + 48s^tt + 64sHi + 
136*2? + 2565*2^2 + 492^2^2^ ^ 6125^*^? + 8485^*^? + 9685^*^? + 
nOAs^t^P + AP + 20sP + 2As^P + AAs^P + AAs^P + 64s^F + 68s^f^ + 
816i^? + 2160si^? + 45765^*^? + 6736s^t^P + 9536sH^P + 11696s^t^? + 
14512s^i3p ^ 0(s7)0(t4)0(t4) , 

g{5,su{3)) ^ J) ^ 1 + g2 ^ ^3 ^ ^4 ^ ^5 ^ + lOt^ + 40si^ + SOs^t^ + 858^*^ + 90sH^ + 125s^t^ + 
135s^t^ + 25ti + 25sti + SOs^tt + bOsHi + 75sHi + 75sHi + IQOsHi + 
325i2p + 6258*2*2 + 117552*2^2 ^ 1475^3^2^ ^ 2025s^*2p + 2325s^i2p + 
28755^*2^ + 10?^ + 40s? + 5052*3 + s^s^p + 90^4^ + 125s^*^ + 135s^*^ + 
2925*^? + 8025s*^P + 16575s2*3p ^ 24500s^*^P + 342508"^*^? + 42175s4^P + 
519505^*^*^ + 0(s^)0(*^)0(i^) , 

g{e,su{3)) i J) ^ 1 + g2 ^ ^3 ^ ^4 ^ ^5 ^ + 20*^ + 70si^ + 9052*3 + 1465^*3 + leOs^t^ + 2165^*^ + 
236s^t^ + 36tt + 36stt + 72s2tt + 72s^tt + 108s^« + 108s^tt + 144s^tt + 666*2*2 _^ 
12965*2*2 + 2403^2*2*2 + 3033s^*2*2 + 4140s''*2*2 + 4770s^*2*2 + 5877s^*2*2 + 
20? + 70s? + 90s2? + 146s^? + 160s^? + 216s^? + 236s^? + 8436*^? + 
23576s*^? + 47888s2*3? + 70904s^*^? + 98316s''*^? + 121332s^*^? + 
148780s6*^*~^ + 0(s^)0(*^)0(*^) . (4.12) 
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We remark that, although these results seem to be rather lengthy, they contain infor- 
mation which proves to be extremely useful for analyses of the chiral ring. As we shall 
see from plethystic logarithms, s^t^t^ is the minimum order up to which Hilbert series 
contain all necessary information about the generators and their basic relations. 

The calculation is significantly simpler when we make an identification s = t = t. 
In which case, we can write down a general form of the generating function: 



9 



(Nf,SU(3)) 



it) 



PuNf-loit) 



(1 - - t2)^/+2(l _ t3)7V;+l(l _ t4)2W/-2(l _ ^G^TV; 



(4.13) 



where PuNf-ioit) is a palindromic polynomial of degree liNj — 10 with -Pi4Ar^-io(l) 
being a non-zero number for any number of flavour. Observe that the order of the 
pole at t = 1 of g^^f'^^^^^^i^t) is 6A^/. Therefore, the dimension of the moduli space 
M(Nf,sui3)) is 6A^/ in agreement with (|3.2| ). 



Plethystic logarithms. We shall calculate plethystic logarithms of generating func- 
tions using formula ( 2.16| ): 



PLb(i'^^(3))(.,t,t)] 



FL[g('''^('^Hs,t,i)] 



+ + tt + sti + s'^ti+s^t^ + s^P 



5^ + 8^ + 2st^ + 25^*^ + is^t^ + 4ti + 4sti + is'^ti - 



is^PP - 8s^PP - 20sH^P - 16s^PP 



+2sP + 2s^P + As^P 
+0(/)0(t^)0(t^) , 

s"^ + + P + 8sP + Ss'^P + lOs^P + 9ti + 9sti + 9sHi 



IQs^PP 



-9sH^P + P + 8sP + 8s^P + lOs^P 



PP 



17sPP 



9s^PP 
81s'^PP - 



- 9s^PP 
U8sH^P 



-207 sH^P 



USsH^P - 843^ + 0{s'^)0{P)0{P) 



+ + AP + 20sP + 20s'^P + 20sh^ + 16ti + IGsti + Ws^ti ■ 
-36sH^P - 36sH^P + 4P + 20sP + 205^? + 20s''P - 16PP - 
-576s'^PP - 960s^PP - 1024s^PP - 62As^PP - 240sh^P 
+0{s'')0{P)OiP) , 

+ + WP + iOsP + 405^*^ + 35s^P + 25ti+25sti+25s'^ti 



- 36s^PP 
176sPP 



lOOs^PP 



-lOOs^t^P - lOOsH^P + WP + 40s? + 405^? + 35s^P - lOOpP - 900sPP 
-2500s^PP - 3900s^PP - 3500sH^P - 1900s^PP - 425s^PP 
+Ois'')OiP)OiP) , 



+ + 20P + 70sP + 70sV + 56s^P + 36ti + 36sti + 36s'^ti 



225s^PP 



-225s^PP - 225sH^P + 20p + 70sP + 70s^P + 56s^P - AOOPP - 3200sPP 
-8100s'^PP - 120A0s^PP - 9540sH^P - AQAOs^PP - 336s^PP 
+0{s'^)0{P)0{P) . (4.14) 



- 15 - 



As for the case of Nc = 2, the moduh space of the SU (3) theory with 1 flavour and 1 
adjoint matter is a complete intersection. 

Generators of the GIOs. Armed with plethystic logarithms, we can write down 
the generators of the GIOs. 

Casimir invariants : = Tr(0'^), A; = 2, 3 

[0, . . . , 0; 0, . . . , 0] 1 dimensional , 
Mesons : tt Mj = Q^Q| 

[1, 0, . . . , 0; 0, . . . , 0, 1] Nj dimensional , 
Adjoint mesons : sHi {Ai)] = Qi(0')bQ5' ^ = 1. 2 

[1, 0, . . . , 0; 0, . . . , 0, 1] Nj dimensional , 
Baryons : t^ B'^^^^^ = e''^''^''^Qi\Q%Q% 

[0, 0, 1, 0, . . . , 0; 0, . . . , 0] (^^) dimensional , 
Antibaryons : P Bi,i,i., = ea.a^aMlQZQt 

[0, . . . , 0; 0, . . . , 1, 0, 0] (^^) dimensional . 

In addition, we have adjoint baryons: 

[1, 1, 0, . . . , 0; 0, . . . , 0]* \{Nf - l)Nf{Nf + 1) dimensional , 
[1, 1, 0, . . . , 0; 0, . . . , 0]** IINj - l)Nf{Nf + 1) dimensional , 

[3, 0, . . . , 0; 0, . . . , 0]*** j^NfiNf + l){Nf + 2) dimensional , 

where (-Pm)a = 0a^0fei • • -(PbZ-iQb^' ^'^'-^ subscript of B indicates the partition of 
the power of s in the adjoint baryon. Moreover, in the same spirit as antibaryons, we 
also have adjoint antibaryons which transform in the conjugate representations of 
adjoint baryons. 

*The generator at order st^. Note that the generator B^^q^I^ is subject to a relation: 

Bt!of = , (4.15) 

where the square bracket denotes an antisymmetrisation without a normalisation factor. 
This means that the completely antisymmetric part, which transforms in the SU{Nf) 
representation [0, 0, 1, 0, . . . , 0], vanishes. Note that we can construct the generator by 
considering the following SU{Nf) tensor product: 

[0,1,0,...,0] X [1,0,...,0] = [1,1,0,...,0] + [0,0,1,0,...,0] . 



Therefore, after taking ([4.15|) into account, we conclude that B^qq^I^ transforms in the 
SU{Nf) X SU{Nf) representation [1,1,0, . . . , 0; 0,. . . , 0], as stated in the list above. 
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**Two generators at order s^t^. We can construct each of the generators i3o,i,i and 
-^0,0,2 by considering the foUowing SU{Nf) tensor product: 

[0,1,0,...,0] X [1,0,...,0] = [1,1,0,...,0] + [0,0,1,0,...,0] . 

Therefore, if there were no relations, we would say that the generators transform in 
2[1, 1,0,..., 0] + 2[0, 0, 1, 0, ... , 0]. However, i3o,i,i and i3o,o,2 are subject to the relations: 

foijk _ _K>[i3]k K>[iik] _ _9Kj[jifc] (a -\p\ 

*-'0,0,2 — "0,1,1 ' ■'-'0,0,2 ~ ^'-'0,1,1 ' V^-^^) 

which transforms respectively in the SU (Nf) representation [1, 1, 0, . . . , 0] + [0, 0, 1, 0, . . . , 0] 
and [0, 0, 1, 0, . . . , 0]. Therefore, we are left with the global SU{Nf) x SU{Nf) repre- 
sentation [1, 1, 0, . . . , 0; 0, . . . , 0], as stated in the above list. 

***Three generators at order sH^. We can construct the generators i3o,i,2, 
Bo,o,3 from the following SU{Nf) tensor products: 

A=^[1,0,...,0] = [0,0, 1,0,. ..,0] , 
[1,0,...,0]=^ = [3,0,...,0] + 2[l,l,0,...,0] + [0,0,l,0,...,0] , 
[0,1,0,...,0] X [1,0,. ..,0] = [1,1,0,...,0] + [0,0,1,0,...,0] . 

Therefore, if there were no relations, we would say that the generators transform in 



[3,0,...,0]+3[l,l,0,...,0] + 3[0,0,l,0,...,0] . 



However, these generators are subject to the relations: 

Bits - -^oS , (4.17) 
Btl = -^S ^ (4.18) 
2Bg, + Bi%, = -B^^^ ^ - [bI% - BSl,) . (4.19) 

These relations transform in the SU (Nf) reperesentation 3[1, 1,0,..., 0]+3[0, 0, 1, 0, . . . , 0]. 
Therefore, we are left with the global SU {Nf)xSU {Nf) representation [3, 0, . . . , 0; 0, . . . , 0] , 
as stated in the above list. 

Total number of generators. The total number of generators is cubic in Nf-. 

2 + 3N] + 2N} . (4.20) 
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Dimensions from plethystic logarithms: A trick. In the above, we computed 
dimensions of representations for relations using the following technique. For def- 
initeness, let us consider the relations at order s'^t^t^. We know that the dimen- 
sion D{Nf) of the SU{Nf) x SU{Nf) representation [0, 0, 1, 0, . . . , 0; 0, . . . , 0, 1, 0, 0] + 
[1, 1, 0,..., 0; 0,..., 0, 1, 0, 0] + [0,0, 1,0... ,0;0,...,0,1,1] + [1,1,0,...,0;0,..., 0,1,1] 
must be a polynomial of order 6 in Nj: 



D{Nf) = J2(^kN'} ■ (4-21) 

k=0 

Observe that we can determine the unknowns oq, . . . , ag from the 7 data points which 
come from the coefficients of s^t^t^ in ( |4.14|) for Nj = 0, . . . , 6 (where the Hilbert series 



for Nf = can be obtained by setting t = t = 0). Solving the following 7 equations 
simultaneously 

D(0) = 0, D{1) = 0, D{2)=4:, D(3) = 81, 

D{4:) = 576, D{5) = 2500, D{6) = 8100 , (4.22) 

we find that 



ao = 0, Oi = 0, 02 = 0, as = 0, 

04 = \, as = -J, ^6 = 7 • (4.23) 



4' ^ 2 
Substituting back to ([4.21|) , we arrive at 



D{Nf) = ^-NfiNf - ly . (4.24) 



4.1.3 The 5f/(4) Gauge Group 

Let us examine the SU (4) theory with Nf flavours and 1 adjoint matter. We have Nf 
chiral superflelds transforming in the fundamental representation, Nf chiral superflelds 
transforming in the antifundamental representation, and 1 chiral superfleld transform- 
ing in the adjoint representation. Therefore, we can apply the Molien-Weyl formula to 
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our theory as follows: 



\zi\ = l \Z2\ = 1 \Z3\=1 

(l - ^) (l - ^) PE [Nf[l, 0, 0]t + Ar^[0, 0, \\i + [1, 0, \\s\ 

(27rz)3 J Zi J Z2 J Z3 \ Z2j\ Z3 J ^ ' \ Z1Z3 J 

\zi\ = l \Z2\ = 1 \Z3\=1 



22 2:3 \ A Z;^ 



3 , ^ 



((^-i) (1-%) (l-^~^3))"^ 



(1 - s)3 f 1 - Vi - f 1 - f 1 - f 1 - f 1 - f 1 - 

(1 - sz,z,) (1 - ^) (1 - ^) (1 - ^) (1 - f ) ■ ^'"''^ 
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Applying the residue theorem, we find that 



= 1 + ^2 ^ ^3 ^ + 5^ + + 25^ + 4s« + 35^ + 55^° + + 75^2 + sH" + 
sh"^ + s^t'^ + 2s^°t^ + s^H^ + ?>s^H'^ + ti+ sti + 2shi + Ss^tt + 4s^tt + 
5shi + 7s^tt + Ss'^ti + lOshi + Us^ti + Us^^ti + 16s^Hi + IQs^Hi + 
t^P + st^P + Ss^i^P + 4s^i^P + IsH'^P + SsH^P + ISsH^P + Us'^t'^P + 
20sH'^P + 22s^t^P + 2^s^^t^P + 31s^42p + 408^^^^^ + ^sp ^ ^^ap ^ 35^*3^ + 

tH^ + stH^ + 3sW + bsHH"^ + 9sHH^ + l2shH^ + 20sW + 25shH^ + SGshH^ + 
UsW + 58s^W + 68s^HH^ + 87s^HH^ + 0{s^^)0{t^)0{^) , 
g{2,SU(4)) ^ 1 + ^2 ^ ^3 ^ + s^ + 356 + 25^ + 4s« + sH"" + SsH"" + SsH"" + 7s^i^ + Ms^t^ + 

Us'^t^ + 22s^i^ + 4ti + 4stt + 8s^tt + 12sHi + 16s^tt + 20sHi + 28sHi + 32s^tt + 
AOs^ti + lOt^? + IGst^P + 365^*2? + 57s^i^i^ + 87 sH'^P + lUs^t'^P + 
163sh'^P + 196s^i^? + 255s^i^? + 20t^P + AQst^P + lOQsH^P + ISOs^t^F + 
296s''t^P + 432s^i^P + 624sH^P + 8l6s'^fP + 1064s^t^P + s^t"^ + SsH"^ + 
5s^t^ + 75^*^ + Us^i^ + 14s^i^ + 22s^i^ + 35tH^ + 80stH^ + 215sW + 
425sHH'^ + Tb^sHH"^ + 119355*^*-^ + 1816sHH^ + 2508s^t^f^ + 3404s^i^t^ + 
0{s^)0{t^)0{f) , 

gis,sui4)) ^ 1 + ^2 ^ ^3 ^ + s' + 356 + 2s' + 4s« + 35*4 ^ 9^2^4 ^ 21^3*4 + 33^4^4 ^ 43^5^4 ^ 

75s^i4 + 90s'^t4 + 1235^*4 + 9ti + 9stt + 18shi + 27s^tt + 368^^ + 45s^tt + 63s^tt + 
72s'^tt + QOs^ti + 45*2? + 81st^P + Uls'^t'^P + 279s^t'^P + AUsH'^P + 
558s^PP + 774sH^P + 9545^*^? + 12155^*^? + 165*^? + 405sPP + 9745^*^? + 
1787s^t^P + 29205^*^? + 4297s^i^P + 610SsH^P + 8044s'^t^P + lOAUsH^P + 
3sP + 9sH^ + 21sH^ + 33sH^ + A8sH^ + 75sH^ + QOs'^i^ + 1238^*-^ + 495tH^ + 
U85stH'^ + 39965^*4*'^ + 81725^*^*^ + 146255^*^*'' + 23292s^i''t'^ + 348485^*^*'' + 
48465sVt'^ + 65043/*^*^ + 0{s^)0{t^)0{f) , 

g{4,SU{4)) = 1 + g2 ^ ^3 ^ + s^ + 3s^ + 2s^ + 4s« + + ISsi^ + 365^*4 + 76^3^4 ^ ;li7^4^4 ^ 

1715^*4 + 2485^*4 + 312s^t4 + 4095^*4 + 16tt + Wsti + 32sHi + A8sHi + 64sHi + 
80s^ti + lUshi + 128shi + IGOs^tt + 136*^? + 2565*^? + 5285^*^? + 8685^*^? + 
12765^*2? + 17365^*2? + 23805^*2? + 29605^*^? + 37405^*^? + 816*^? + 
2176st^P + 51525^*^? + 9488s^t^P + 154245^*^? + 22720s^t^P + 32032s^t^P + 
42288s^i^f^ + 54560s^PP + + 15si^ + 365^*'' + 76sH^ + 117 sH'^ + UlsH'^ + 
2A8sH'^ + 312s^t'^ + 409s^t'^ + 3876*''*'^ + ISObbstH"^ + 351715^*^*'^ + 72A51s^tH'^ + 
1292575^*''*'' + 2056415^*''*'^ + 3051935^*^*'^ + 4238475^*^*'^ + 565889s^i''i'' + 
0{s^)0{t^)0{P) . - 20 - (4.26) 



We emphasise that these results with explicit expansion up to order sHH"^, albeit 
rather lengthy, turn out to be essential for analyses of the generators and their basic 
relations in the chiral ring. 



Plethystic logarithms. We shall calculate plethystic logarithms of generating func- 
tions using formula (|2.16| ): 



PL [g'^^'^^(^^\s, t,i)] = s^ + s^ + s^ + ti + sti + sHi + sHi + sH'' + sH'' - s^HH" , 
PL (s, t, i )] = s^ + s^ + s^ + sH^ + ?>sH^ + AsH^ + 2>sH^ + hsH^ + Att + Astt 

+AsHi + AsHi - sHH^ - sHH^ - sHH^ - sHH^ + sH'' + 3sH^ 
+4sH'' + 3sH^ + bsH" - sHH" - QsHH" - UsHH^ - 30sHH'' 

-44sW + 0{s^)0{t^)0{i^) , 
PL [gi^'Sum t, i )] = s^ + s'^ + s^ + 3st^ + 9sH^ + 18sH^ + 21sH^ + 15sH^ + 15sH^ 

+9ti + 9stt + 9sHi + 9sHi - 9sHH'^ - 9sH'^P - 9sHH^ - 9sW 
-sHH^ - sHH^ - sHH^ + 17sHH^ + 17sW + 17sW + 3si^ 
+93^"^ + ISsH"^ + 21sH^ + 15sH^ + 15sH^ - 9sHH^ - 5AsW 
-msHH"^ - AAlsHH^ - 783sHH'^ - llOTs^t^t^ - 12515^^^^^ 
+0{s^)0{t^)0{i^) , 

PL [^(4'^^(4))(s, t, i )] = s^ + s^ + s^ + t^ + ISst^ + 35^2^4 + QOsH^ + 65sH^ + A5sH^ + 35sH^ 

+ I6ti + IGsti + l6sHi+ Wshi - 36sH'^P - 36sHH^ - 36sHH^ 
-36sW - 16sHH^ - IGsHH^ - 16sHH^ + 176sW + 176sW 
+ 176sHH^ + + 15si^ + 35sH^ + 60sH'^ + 65sH^ + A5sH^ + SSs^t^ 
-tH^ - 31stH^ - 296sHH'^ - lUOsHH'^ - 312AsHH'^ - 5912sHH'^ 
-9243sW - 11704sW - 12106sW + 0{s^)0{t^)0{i^) . 



Generators of the GIOs. Armed with plethystic logarithms, we can write down 
the generators of the GIOs. 

Casimir invariants : s'^ = Tr A; = 2, 3, 4 

[0, . . . , 0; 0, . . . , 0] 1 dimensional , 

Mesons : ti M] = QiQ°: 

[1, 0, . . . , 0; 0, . . . , 0, 1] Nj dimensional , 

Adjoint mesons : sHi (Ai)] = Q\ Q), / = 1, 2, 3 

[1, 0, . . . , 0; 0, . . . , 0, 1] Nj dimensional , 

Baryons : B'^'^'^'^ = e''i''2'J3a4Qi^i Qi2 gjs gj4 

[0, 0, 0, 1, 0, . . . , 0; 0, . . . , 0] (7) dimensional , 
Antibaryons : similar expression to baryons with Q —>■ Q 

[0, . . . , 0; 0, . . . , 0, 1, 0, 0, 0] {^/) dimensional . 
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In addition, we have adjoint baryons (in a similar fashion to the case of Nc = 3): 

st^ ^ Bo,o,o,i = eQQQPi 

[l,0,l,0...,0;0,...,0]t 

sH"" ^ i3o,o,o,2 = eQQQP2 , So,o,i,i = ^QQPiPi 

[0,2,0,. ..,0;0,...,0] + [l,0,l,0,...,0;0,...,0]t 
sH^ ^ i3o,o,o,3 = eQQQP3 , ^0,0,1,2 = eQQPiP2 , ^0,1,1,1 = eQPiP.Pi 

[2,1,0,...,0;0,...,0] + [1,0,1,0,...,0;0,...,0] 
sH' ^ i3o,o,o,4 = eQQQP^ , ^0,0,1,3 = eQQPiP^ , i3o,o,2,2 = eQQP2P2 

130.1.1.2 = eQPiP,P2 , = eP^PiP.Pi 
[2,l,0,...,0;0,...,0] + [0,2,0,...,0;0,...,0] 

"S^t^ — > ^0,0,0,5 = gQQQP^ , i3o,o,i,4 = eQQPiPi , i3o,o,2,3 = eQQP2P2 

130.1.1.3 = eQPrP^P^ , ^0,1,2,2 = eQP,P2P2 , ^1,1,1,2 = ePi^iPiA 
[2,1,0,...,0;0,...,0] 

s^^t" ^ i3o,o,o,6 = eQQgPe , i3o,o,i,5 = eQQPiP, , i3o,o,3,3 = £^^^3^3 

^0,1,1,4 = ^QPiPiPa ; ^0,1,2,3 = ^QPlP2Pz 1 ^0,2,2,2 = £^-^2-^2-^2 
i3l,l,l,3 = ePiPiPiPs , i3i,i,2,2 = ePiPiP2P2 , ^0,0,2,4 = eQQP2P4 

[4,0,...,0;0,...,0] 

where (-Pm)a = (p^a^Pbl ■ ■ -^bZ-iQln^' ^'^'^ subscript of B indicates the partition of 
the power of s in the adjoint baryon. In the above, we suppressed the indices with the 
understanding that each epsilon tensor is contracted over all colour indices. Moreover, 
we have adjoint antibaryons which transform in the conjugate representations of 
adjoint baryons. 

As for the case of SU (3) gauge group, we emphasise that the representations written 
above are not the ones in which the generators transform; however, they are the ones 
in which the relations have already been taken into account. For example, 

■'"The generator at order st^. Note that the generator ^o'dai' = e°"'"'''"Qai'9a2<3a3(A)bi 
satisfies a relation: 

B^Zf = ' (4-27) 

where the square bracket denotes an antisymmetrisation without a normalisation factor. 
This means that the completely antisymmetric part, which transforms in the SU{Nf) 
representation [0,0,0,1,0,. . . ,0], vanishes. Note that we can construct the generator by 
considering the following SU{Nf) tensor product: 

[0,0,1,0,...,0] X [1,0,...,0] = [1,0,1,0,...,0] + [0,0,0, 1,0,..., 0] . 



Therefore, after taking (|4.27| ) into account, we conclude that B^qq^q^I^ transforms in the 
SU{Nf) X SU{Nf) representation [1,0,1,0, . . . , 0; 0,. . . , 0], as stated in the list above. 
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■I-Two generators at order s^t^. We can construct i3o,o,i,i, '^0,0,0.2 by considering the 
SU{Nf) tensor products: 

[0,1,0,...,0]2 = [0,2,0,...,0] + [l,0,l,0,...,0] + [0,0,0,l,0,...,0] , 
[0,0,1,0,...,0] X [1,0,...,0] = [1,0,1,0,...,0] + [0,0,0, 1,0,..., 0] . 

They are however subject to the relations: 

^0,0,0,2 - y^Qfi,0,2 + ^0,0,1,1 ) > 
r>[ijkm] _ nn[ijkm] 

^0,0,0,2 - "-3^0,0,1,1 ' (^4.2yj 

which transform respectively in the SU{Nf) representations [1, 0,1,0,..., 0] + [0, 0, 0, 1, 0, . . . , 0], 
[0, 0, 0, 1, 0, . . . , 0]. Therefore, we are left with the global SU{Nf) x SU{Nf) represen- 
tation [0, 2, 0, . . . , 0; 0, . . . , 0] + [1, 0, 1, 0, . . . , 0; 0, . . . , 0], as stated in the above list. 

Total number of generators. Using the trick mentioned in the previous subsection, 
we find that the total number of generators is 

3 + + 2Nj . (4.30) 

From (|4.7|) , (|4.20|) and ( |4.30|) , we establish the following observation^: 

Observation 4.1. The total number of generators in the SU{Nc) theory with Nj fun- 
damental chiral superfields and 1 adjoint chiral superfield is of order N^" . 

Note that this is substantially higher that the theory with no adjoints. 

A comment on representations. From a number of examples in the cases of SU{3) 
and SU (4) gauge groups, we establish the following observations: 

Observation 4.2. Any adjoint baryon of the form Ba^^^^^^a^^ (with < ai < . . . < 
o^Nc ^c) exists in the theory as a generator. Note that Na = ai + . . . + a^^ is the 
total number of adjoint fields appearing in this particular adjoint baryon. It satisfies 
the bounds: < Na < \N^{N^ - 1). 

Observation 4.3. Whenever there is more than one way in partitioning adjoint fields 
into an adjoint baryon, there exists a relation between those options. The relation 
must transform in such a way that it cancels some representations associated with the 
generators, so that the leftover agrees with plethystic logarithms. 



^From now on, we use the word Observation to refer to a strong conjecture which can be deduced, 
in a consistent manner, from a number of non-trivial results presented earlier. 
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4.2 Adjoint Baryons: A Combinatorial Problem of Partitions 

From a combinatorial point of view, Observation ^.2| suggests tliat an adjoint baryon 
is simply a partition of the Na objects into slots (without distinction between the 
slots). This leads to an interesting problem: For given Na and iVc, how many adjoint 
baryons can be constructed? 

The partition function. This problem can be elegantly solved using a partition 
function (Hilbert series). Suppose that the number of slots N^. is held fixed. Let t be a 
fugacity conjugate to the number of adjoint fields Na- The required partition function 
is 

oo 

ZNXt) = E ^N^^Nt""- , (4.31) 
Na=0 

where a^^^^^ is the number of adjoint baryons which can be constructed for given Na 
and Nc- We can write the partition Z in another way as follows. Let rii be the number 
of slots which contain i adjoint fields. It is then easy to see that rii + 2n2 + . . . + Njij^^ 
is the total number of adjoint fields. We can therefore write 

1 1 
Z«M = J:^— . = _,.)... = n 1317 ■ (4-32) 

This formula is also known as a partition function of N^ bosonic one-dimensional har- 
monic oscillators 0. Equating ( [4.31|) and (|4.32| ), we find that 

oo ^ 

E «^-iv.t^- = n 1377 • (4-33) 

Thus, the number of adjoint baryons aNA,Na is given by the coefficient of t^^ in the 
power series of the product Hj^i T~tJ • other words. 



1 /• dt ^= 



1*1=1 1^"""-' %\ ^-t^ ' 



We note that this result is correct for any A^^ > but we are particularly interested in 
the case of < A^a < (^'). 



Example: Nc = 3. The power series of the last expression in ( [4.33[ ) is given by 



1 

Yl = 1 + t + + 3t^ + . . . . (4.35) 
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Therefore, for 0, 1, 2 and 3 adjoint fields, we can construct 1, 1, 2 and 3 adjoint baryons, 
respectively. This agrees with the earlier results above Equation ([4.15|) for the SU (3) 
gauge group. 



Example: N^. = 4. The power series of the last expression in ([4. 331) is given by 



nr4 



P 



l + t + 2r + 3r + + + + . . . . 



(4.36) 



Therefore, for 0, 1, 2, 3, 4, 5 and 6 adjoint fields, we can construct 1, 1, 2, 3, 5, 6 and 
9 adjoint baryons, respectively. This agrees with the earlier results above Equation 
(|4.27|) for the SU{A) gauge group. 



4.2.1 An Asymptotic Formula 

In this subsection, we derive an asymptotic formula for ([4.34|) . Since the upper bound 
of the number of adjoint fields is of order N^, we consider the limit of large and 
fixed ratio 

- - ^ ' (4-37) 



where x is of order one^. Recall from (^4.34 ) that 



The main contribution to the integral comes from t < 1, and so we set 

(4.39) 

where a is a number of order 1. The behavior of t with is determined by observing 
that this is a 2 dimensional partition problem in which the scaling of 1 — t goes like 



^For adjoint baryons, we are interested in the range < ^ h- 
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Asymptotic formula for Z^^ (t) . We approximate Zjq^ (t) using the Euler-Maclaurin 
formula* as follows: 



logz^^t) = log n 1377 = - E (1 - 

\i=i / i=i 



log(l-f)d.--log 



Li2(t)-Li2(t^=) 1 



logt 



-log 



iVc — 

' \6a 



^log 



;e«-l)(l-e- 



TT a 

^ 1 

12 2 



Thus, we find that 



^ , , C(a 
ZNAt) ~ ^=exp 



AT, 



Lisfe-'^: 



6a 



(4.40) 



where C{a) is given by 
C{a) = 



{e'' - 1)(1 - e-'^Y 



exp 



TT a 
12 ^ 2 



1 



(4.41) 



The saddle point method. Substituting (f4.40|) into ( [4.34| ) and writing 

~ exp(-iV^ logt) ~ exp [A^^(l - t)] = exp (^'^^ = ^^P («a;A/'c) 



we find that 



1 

27ri 



(4.42) 



where the contour C is taken to be a circle (with a small radius) enclosing the origin 
a = in the anticlockwise direction and we define 



C{a) 



3/2 



[a] = ax + 



1 /tt 



a V 6 



Li2(e" 



(4.43) 



We deform the contour C to a new contour passing through the location of the saddle 
point in the direction of steepest descent. We calculate oq from the relation 0'(ao) = : 



X 



\(^- U.ie-'^o^ + liog (1 _ e-ao) ^ ^ ^4 44) 

Oq \ / ao 



- 26 - 



X 


ao 


1/2 


1.405 


1/4 


2.273 


1/8 


3.468 


1/10 


3.934 



Table 1: Numerical values of ao for various values of x. 



f(«o) 



0.8 - 



0.6 - 



0.4 - 



0.2 - 



J — . — . — . — , — . — . — . — , — . — . — . ' ' ' ^ <io 

2 4 6 8 10 



Figure 1: The graph of ^(ao) against ao- 




Since ^(ao) is transcendental, it is difficult to obtain an analytical expression of ao in 
terms of x. However, given a numerical value of x, it is possible to determine the 
numerical value of ao (Table [l|). The graph of ^(ao) against ao is given in Figure |^. 

We note that the second derivative 0"(ao) > 0, and so the steepest descent direction is 
parallel to the imaginary axis. We find that 

a'NA,N, ~ ^ y . '^'^ /("o, Nc) exp |^A^c0(ao) + -A^c0"(ao)(a - ao)^ 
= — e^=*('^°)/(«o, N,) f da e-5^='^"('^o)-' (a = ao + la) 



vr ^2iV,0"(ao) -/-^ ' ' V '~ \ 1 



v/27riV,0"(ao) 



^This formula states that ^L^a f(^) ^ la fi^)^^ + \ (/(") + /(^)) 



(4.45) 
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Therefore, substituting ( [4 .431) and ([4.44|) into ( [4.45|) , we have 
F{ao) 



exp A*", 



+ log (1 



(4.46) 



where 



F{ao) 



[ao) 



Cjap) 
27r0"(ao) 



V 6 



''0 



aofe'^o - 1) 



(4.47) 



Numerical values. We compare numerical values of the logarithm of ( [4.46| ) with the 
logarithm of the corresponding exact value in Table 0. 





X 


Logarithm of (4.46|) 


50 


1/2 


74.640 


100 


1/2 


157.58 


50 


1/4 


53.180 


100 


1/4 


114.06 


100 


1/8 


80.008 


1000 


1/10 


70.975 



Logarithm of the exact aNA,Nc 



75.333 
158.28 
53.945 
114.84 
80.837 
71.828 



Table 2: Comparison of numerical values of the logarithm of ( |4.46| ) with the logarithm of the 
corresponding exact value. 



4.3 The Canonical Free Energy 

An immediate consequence of ( p.l| ) is a general form of the unrefined generating func- 
tion: 



9 



{Nf,SUiNc)) 



it) 



Pit) 



ni\di 



(4.48) 



where P{t) is a palindromic polynomial with P(l) 7^ 0, and the order of the pole t = 1 
is 



^c/i = dimA^(7v^,s(/(7Vc)) = '^NjN^ . 



(4.49) 



We can define the canonical free energy of the system as 

F(t) = -log^(^/'^^(^=«(t) . (4.50) 
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It is easy to see from (|4.48| ), (|4.49| ) and ([4.50|) that in the large and Nc hmit 

F{t) ~ fmfNc , (4.51) 

where f{t) is some function of order 1. In other words, in this limit, the canonical free 
energy scales linearly with the dimension of the moduli space, which in turn is linear 
in both the number of colours and the number of flavours. 

4.4 Complete Intersection Moduli Space 

Having seen from a number of examples in preceding subsections that the moduli space 
of the theories with 1 flavour and 1 adjoint chiral multiplet is a complete intersection, 
we shall demonstrate that this statement is true for any SU{Nc) gauge group. 

Generators and relations. The generators of the theories with 1 flavour and 1 
adjoint matter are 

^Mfc = Tr(0*=), k = 2,..., N, 

1 operator for each k , 
^ M = QaQ'' 
1 operator , 

^(AO = Q,(0O?Q', 1 = 1,. 
1 operator for each / , 



Casimir invariants : s'' 
Meson : 

Adjoint mesons : 
Adjoint baryon : 
Adjoint antibaryon : 5(^c-i)Afc/2p< 



tt 

sHi 

giN,-l)Nj2^N, 



^abc.d 



^0,l,2,..,Afc-l 

1 operator , 
adjoint baryon with Q 
1 operator . 



Qa(Pl),(P2),...(P7V.-l)d 

Q 



We see that there are altogether 2Nc + 1 generators. Note that in all examples we 
checked the number of relations is 1. We therefore assume that there is precisely one 
basic relation at order s^^^'^'^'^h'^H^" . 

Since the dimension of the moduli space (which is 2Nc from ( |3.1| )) is equal to the 
number of generators (which is 2Nc + 1) minus the number of basic relations (which 
is assumed to be 1), it gives a strong indication that the moduli space is a complete 
intersection. 

General formula. As a consequence, we can write down a fully refined generating 
function for an arbitrary Nc as 

g{Nc-i)Nc^Nc:j:N^ 



9 



(1,S[/(7V.)), 



1 



(4.52) 
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4.4.1 A General Expression for The Relation 

In § [4.1.1| , the relation for the case of N^. = 2, Nf = 1 is written explicitly in ( [4.9| ). It is 
interesting to find a general expression of the relation for any Nc (with Nf = 1).^ In 
this and only this subsection, we include the factor of into the Casimir invariant 
Uk, namely Uk = ^Tr(0'=). 

The case of Nc = 3. Let us introduce the operators and A4 in the usual way, i.e. 
Ai = Qa 0' Q". Note that they can be written in terms of basic generators as 

^3 = + U2A1 , A4 = UsAi + U2A2 , (4.53) 

where Aq denotes the meson M. Then, the relation can be written as 

BB = A0A2A4 - AqAI + 2A1A2A3 - A\Ai - Al , (4.54) 

where B and B respectively denote the baryon and antibaryon. The moduli space is 
0^7X3, where the ideal X3 is given by the 3 relations: ( [4.53| ) and ( |4.54|) . 

The case of Nc = 4. We introduce the operators A4, . . . , Aq, which can be written 
in terms of basic generators as 

1 

2' 



A4 = U4A0 - -uIAq + u^Ai + U2A2 



= U4A1 - ^ulAi + U3A2 + U2A3 , 
Aq = U2U4A0 - ]rulAo + U2U3A1 + ^u\A2 + U4A2 + M3A3 . (4.55) 



Then, the relation can be written as 



BB = - A0A2AI - AqAIAq + 2A0A3A4A5 - AoAl - AlA^Ae + A\Al 

+2A1A2A3A6 - 2A1A2A4A5 - 2AxAlA^ + 2A^A^A\ - A\A^ + 2A\A^A^ 
+AlAl - 'iA2A\A4 + A\ . (4.56) 



The moduli space is C^^/Zi, where the ideal T4 is given by the 4 relations: ( [4.55| ) and 
(|436|) . 

A general expression. We can generalise ( [4.54| ) and ( |4.56| ) to any number of colours. 
The relation can be written compactly as^° 

BB = det ^ , (4.57) 



^Special thanks to Nathan Seiberg, Kenneth Intrihgator and Michael Douglas for discussions. 
^°We thank Michael Douglas for pointing out this elegant expression. 
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where Aij = Ai^j and < i, j < A^c — 1- 

It is interesting to examine this formula in the spacial case of A^c = 2. The ad- 
joint baryon is given hj B = e"'^Ql^{Pi)l = A^^, whereas the adjoint antibaryon is 
given by ^ = ea^Q'^^Pi)'^ = eabe''''Qy%Pi)l = -6tQy%Pi)l = -e''^Ql{Pi)l = 
—A?'^ (note the minus sign). Similarly, it is easy to see that det^ = A{)A2 — Af = 
M^^ (iwM^^) — (y4^^)^. We thus correctly recover the formula (^^. 

The relations via Newton's formula and the Cayley-Hamilton theorem. 

Consider the characteristic polynomial p{x) = det(xl — 0) of 0, which can be writ- 
ten as 

Nc 

p{x) =J2x'sNc-j , (4.58) 

j=0 

with So = 1 and Si = — Tr((/)) = 0. Note that is a symmetric polynomial Sk = 
J2n<...<ik ■ ■ ■ ^ik ""fc = i^i^i^ where A's are the eigenvalues of 0. It 



follows that the m's and s's are related by Newton's formula (see e.g., Q): 



n 

nsn + ^jUjSn-j = {2<n< Nc) . (4.59) 
i=i 

Note that the case of n = 1 is trivial. Using the Cayley-Hamilton theorem, one obtains 
the matrix relation^^: 

Nc 

pi^) = J2^'sNc-j=0 . (4.60) 

j=0 

Multiplying (|]6|) by 0™ (with < m < A^'^ - 2) and then by Q to the left and Q to 
the right, one obtains 

Nc 

J2 Aj+mSNc-j = (0 < m < AT, - 2) . (4.61) 

j=0 

Note that ( |4.59D gives A'c — 1 relations between u's and s's and ( [4. 61] ) gives A"c — 1 
relations between A's and s's. 

Counting generators and relations. There are altogether AN^ — 1 variables: Ai 
(with / = 0, . . . , 2A'c — 2); s^, Um (with m = 2, . . . , A'c); B, B. However, there are 
2A"c — 1 relations: A"c — 1 relations ([4.59|) between -u's and s's; A'c — 1 relations ([4.61|) 
between A's and s's; and 1 relation ( |4.571 ). Thus, by the assumption of the moduli 
space being a complete intersection, we find that the dimension of the moduli space is 
2A'c, in agreement with the earlier result. 

^"'^It should be noted that if we take a trace of ( |4.60 ), wc obtain a special case n = iVc of (4.59). 
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5. The Sp{Nc) Gauge Groups 



Let us turn to the Sp{Nc) gauge theory^^ with 2Nf chiral superfields transforming in 
the fundamental representation [Nf flavours) and 1 chiral superfield transforming in 
the adjoint representation. The anomaly-free global symmetry of this theory |24 
SU{2Nf) X f/(l) X U{1)r. 



IS 



5.1 Examples of Hilbert Series 



Below we shall derive Hilbert series for various cases. 



5.1.1 The Sp{2) Gauge Group 



Let us now examine the Sp{2) gauge theory with 2Nf chiral multiplets in the fun- 
damental representation and 1 chiral superfield in the adjoint representation. The 
Molien-Weyl formula for this theory is 



giNf,Spi2)) ^ f dfismizi, z,)PE [2iV;[l, 0]t + [2, 0]s] 

J Sp(2) 



dz, f dz, (1 4) 



2'Kiz\ J 27riz2 

\zi\=l \Z2\ = 1 



((i-t.O(i-tt)(i-tt)(i-t^)) 



,2 ,2 ,2 



;i - - szDil - sz,){l - s'±)il - - .^)(1 - - .^)(1 - S^J 

(5.1) 



^^We shall use the notation where the rank of Sp{n) is n and Sp{l) is isomorphic to SU{2). 
^•^Note that the number of fundamental chiral multiplets must be even due to the global Z2 anomaly. 
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Applying the residue theorem, we can compute Hilbert series for various Nf-. 



(1 - _ s*){l - t2)(l _ st2)3(l _ 52i2)(l _ ^3^2)3 ' 

= l + s'^ + 2s'^ + 2s^ + 3s® + f + 3st'^ + 2s'^f + ds^t"^ + SsH"^ + 9sH'^ + As'^f + 
125^*2 + 5sH^ + t* + 3st^ + 8sH* + 9s3f4 + igsH" + ISs^i^ + 30^6*4 + 
21s^t^ + 40s®i^ + + Sst^ + Ss^tS + i9s3^6 ^ 245^*6 ^ 43^5^6 ^ 45^6^6 ^ 
74s^t^ + 66sh^ + f + 3st^ + Ss'^f + I9s^t^ + 39sH^ + 53sH^ + 90sh^ + 
102/t® + 156/t® + 0(s9)0(t9) , 

g{2,Sp{2)) ^ 1 + g2 ^ + 2s^ + 3s® + + mst^ + 125^^2 + 20s^t^ + l^sH"^ + 305^*2 + 

245^*2 + 405^*2 + 305®*^ + 21t^ + 60st^ + llls^t^ + 165s^t^ + 232s^t^ + 270s^t^ + 
357s^t^ + 375s'^t'' + 478s®t® + 56t^ + 210si*^ + SOOs^t^ + 890s^t^ + 1330s''i^ + 
18365^*^ + 2300s^t^ + 2866s'^t^ + 3270s®t^ + 126t® + 560st® + ISGOs^t® + 
3220s^t® + MQhsH^ + 7991s^t® + 10955s^t® + 13906s'^t® + 18190s®t® + 0{s^)0{t^) , 

^(3,5p{2)) ^) ^ 1 + ^2 ^ + 25^ + 3s® + 15*2 + 2lst^ + 30^2*2 + 425^^2 ^ 45^4^2 ^ 23^5^2 ^ 
605^*2 + 84^7^2 ^ 75^8^2 ^ -^20^4 ^ 315^^4 ^ 561^2^4 ^ 840^3^4 ^ ii22s^t^ + 

1365s^i'' + 1689s^t^ + 1890s'^t^ + 2250s®*'' + 679t^ + 2485st^ + 55305^*^ + 
9436s^t^ + 13895s^t^ + 18571s^i^ + 23310s^t^ + 28168s'^t^ + 32725s®t^ + 
3045t® + 13770st® + 3612052*8 + 70050s^t® + 113190s''t® + 162960s^t® + 
216825s^t® + 272160s'^t® + 328896s®i® + 0{s^)0{t^) , 
^(4,5p{2)) ^) ^ 1 + ^2 ^ 2s^ + 2s^ + 3s® + 28*2 + 36st2 + 5652*2 ^ r^^sH^ + MsH"^ + IQ^s^t^ + 

l\2sH^ + 144s'^t2 + 14058^2 ^ 4Qg^4 ^ io08st^ + 1786^2*^ + 2646s^t^ + 3488s''i'' + 
4284s^i'' + 5198s^i'' + 5922s'^t^ + 6900s®*'' + 4032i^ + 14196st^ + 3057652*^ + 
51192s^i^ + 74424s^t^ + 98352s^t^ + 122892s^t^ + 1472285^^*^ + 171360s®i^ + 
30744i® + 135120st® + 340641s2t® + 640800s^t® + 1015092s^t® + 1438332s^i® + 
1889421s^t® + 2351496s'^t® + 2819127s®*® + 0{s^){t^) . (5.2) 

A general form of the generating function when we set s = t = t is 

y (l + ^)6iV^-7(l_^2)27V^+1^1^^2)(l_^3)47V/-l(l_^5)27V^ • ^--^J 



Plethystic Logarithms. We shall calculate the plethystic logarithms of the gener- 
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ating functions using formula (|2.16|) : 



PL 
PL 

PL 



PL 



s^ + s^ + t^ + 3st^ + sh' + 3^3*2 _ sH^ - sH 

„2 



236sH^ + 0{s^)0{t' 

(3,Sp(2))(g^^)l = ^2 ^ ^4 ^ ^^^2 ^ 21st2 + 15^2^2 ^ 21s3t2 _ 15^2^4 _ ;^q5^3^4 



+8118s^t^ + 4185s^t^ - 45155^**^ - 16869/t^ + 0{s^)0{f) , 



,(4,Sp(2))(g^^^l ^ ^2 ^ g4 ^ 28t2 + 36st2 + 28s2t2 + SQsh^ - 70s'^t^ - 378s^t^ 



-378s^t^ - 3365*^*^ - 28t^ - 420st^ - IbUs'^t^ - lUGs'^t^ + 4485^**^ 
+4452s^t^ + 10920s^t^ + 105845"^**^ + 8988s^t^ + 63t^ + 1728st^ 
+12481s2t8 + 382205^**^ + 804935"^*^ + 108432s^t^ + 416155^*^ 
-81564/t^ - 24752l/t^ + 0{s^)0{f) . (5.4) 



5.1.2 The Sp{3) Gauge Group 

We now move to examining the generating funtions and their plethystic logarithms 
for the 5*^(3) gauge group with 2Nf chiral fields transforming in the fundamental 
representation and one in the adjoint representation of the group. The Molien-Weyl 
formula for this theory is 

giNf,Spi3)) ^ I dfispi3){zi, Z2, Z3)PE [2Nf[l, 0, 0]t + [2, 0, 0]s] 
Jsp(3) 

dz, r dz, r dz, (i-^?)(i-S)(i-^2)(i-4)(i-^ 



(i-4)(i-fr)(i-?)(i-f) 

1 

(1 - S^)il - .|)(1 - S^)il - 4)(1 - SZ,){1 - .)3((1 - tJ-)(l - tZ,)y^f 



X 



X 



((l-tf^)(l-tf)(l-tl)(l-tl))-/ 



2Nf 

(5.1) 
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Applying the residue theorem we can compute Hilbert series for various Nf-. 



(1 - S2)(l - - - i2)(l - 5*2)3(1 _ 52^2)^1 _ ^3^2)3(1 _ 54^2)^1 _ ^5^2)3 ' 

= 1 + + 2s'' + 3s^ + + t^ + Sst^ + 2sH^ + 6sh'^ + 4sH^ + Us^t'^ + 6sh'^ + 
ISs^i^ + 9sh^ + + 3st^ + Ssh"^ + QsH"^ + 20sH'^ + 213^"^ + ASsH"^ + 
SGsh"^ + TlsH"^ + t^ + 3st^ + 8sH^ + 19sH^ + 26sH^ + 52s^t^ + 65sh^ + 
llGs'^t^ + 123s^t^ + f + 3st^ + 8sH^ + 19sh^ + AlsH^ + 62s^t^ + llGsH^ + 
+ 265sH^ + 0{s^)0{t^) , 
g{2,Sp{3)) = 1 + ^2 ^ + 3s^ + + + 10s*2 + 12sH'^ + 20sH'^ + 2AsH'^ + 405^*^ + 

365^*2 + 60sh'^ + 5AsH'^ + 21*'' + 60si^ + 1128^*^ + ISOsH"^ + 289s^t^ + 405s^t^ + 
571s*^t^ + 690s'^t^ + 939s^t^ + 56*^ + 210st^ + 512sh^ + lOOOs^i^ + 1738sH^ + 
2790s^i^ + 4094s^t^ + 5770s'^t^ + 7600s^i^ + 126t^ + 560st^ + 1617sH^ + 3700sH^ + 
7257sH^ + 12725s^t^ + 20552s^f + 30860s^t^ + 44162s^t^ + 0{s^)0{f) , 

^(3,5p(3)) = 1 + ^2 ^ + 3S^ + 4s* + 15f + 21st2 + 30^2^2 ^ 42^3^2 ^ gQ^4^2 ^ g4^5^2 ^ 

905^*2 + 1265^^2 + 1355*^2 + 120t^ + 315st^ + 5765^*^ + 945s^t^ + U67sH^ + 
2100s^i'' + 2820s^^^ + 3570s^t^ + 4608s*t^ + 680t^ + 2520st^ + 5M4s^t^ + llSOls^i^ + 
19889s''i^ + 31262s^t^ + 45629s^t^ + dSOOOsh^ + 83549s*t^ + 3060t* + 14280si* + 
409505^*8 + 922745^** + 178626sH^ + 308589s^t* + 488922s^t* + 724509s^t* + 
1019424s*t* + 0{s^)0{f) , 
gi'^'Spi3))(s,t) = 1 + + 28"^ + 3s^ + 4s* + 28*2 + SGst"^ + 56s^f + 72sH'^ + lUsH"^ + 144s^t2 ^ 

1685^*2 + 216s^t2 _^ 252s*t2 + 406*^ + 1008st^ + ISSGs^t^ + 3024s^t'^ + 4678s''i'' + 
6678s^t'' + 8874s^t^ + 11340s^i^ + 14442s*t^ + 4060i^ + UGlQst^ + 340485^*6 + 
65472s^i^ + 112280s^i^ + 175044s^t^ + 253764s^t^ + 348276s^i^ + 460768s*t^ + 
31464t* + 146097st* + 414036s2t* + 9225935^** + 1765443s^i* + 3014997s^i* + 
4727424s^t* + 6942129s^i* + 9691512s*t* + 0{s^){t^) . (5.2) 



Plethystic Logarithms. We shall calculate the plethystic logarithms of the gener- 
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ating functions using formula (|2.16|) : 



PL 
PL 

PL 



(l,Sp(3)), 



(s, t) = s^ + s'' + s^ + t^ + 3st^ + sh' + 3sh' + sH' + 3sH^ - sH' - sh^ - s^o*^ , 



(2,Sp(3)) 



(3,Sp(3)) 



{s,t) 



is,t) 



PL 



(4,Sp{3)) 



is,t) 



s'^ + s^ + s^ + 6f + Wst^ + Gs'^t^ + Ws^t^ + GsH"^ + WsH^ - sH^ 



+ + + 15*2 + 21st2 + 155^^2 _^ 215^*2 _^ 15^4^2 _^ 2ls5t2 _ 15^4^4 _ 

lOSs^t^ - 120s^t^ - 105/t^ - 120s^t^ - sH^ - 35sh^ - 190sH^ - 2WsH^ - 
189s^t^ - 175sh^ + 36s^t^ - 15s^f - Wbs^f - WbsH^ + 36s^f + 555s^f + 
224l/t^ + 5679s^t^ + 0(s^)0(t^) , 

+ s"^ + + 28*2 + 36st2 + 285^*2 + SQs^t"^ + 28^^*^ _^ 35^5^2 _ 7q^4^4 _ 

378s^t^ - 406s^t^ - 378s^t^ - 406s^t^ - 285^^6 _ 420s^t^ - 1540s^t^ - 1596s^t^ - 
15125*^**^ - 1176s^t^ + 448s^t^ - - 63st^ - 720s'^t^ - 2352sH^ - 1700s^t^ + 
1791s^t^ + 132655^**^ + 42363s'^t^ + 95521/*^ + 0{s^)0{t^) . (5.3) 



5.2 Generators of the Chiral Ring 



Below we summarise the generators of Sp{Nc) adjoint SQCD ^ and representa- 
tions of SU{2Nf) X SU{2Nf) in which they transform. 



Casimir invariants : s"^^ 
Mesons : 

Even adjoint mesons : s'^h'^ 
Odd adjoint mesons : s'^^~^t'^ 

The total number of generators is 



U2k = Tr(02fc) (k = 1, 2, 
[0, . . . , 0] 1 dimensional , 
Mi^ = rbQ^^Qi {a,b = 1, 2, . . . ,2N,) 
[0, 1, 0, . . . , 0] Nf{2Nf - 1) dimensional , 

[0, 1, 0, . . . , 0] Nf{2Nf - 1) dimensional (/ = 1, . . . , A^c 



Qi 



I) 



{A 



2k-l, 



jaibijcib2 JC2k-l0,2k-l Qi 



%lCi(Pb2C2 



^b2k^\C2k 



-lQ«2fe-l 



[2, 0, ... , 0] Nf{2Nf + 1) dimensional {k = l,...,Nc 



NJl + AN 



f' 



(5.4) 



We note that for Nc = 1, Sp{l) is isomorphic to SU(2). In which case, we recover the 
SU{2) adjoint SQCD and hence (|]D reduces to (F^ . 
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5.3 Complete Intersection Moduli Space 

We claim that the moduli space of the Sp{Nc) adjoint SQCD with 2 fundamental chiral 
multiplets {Nf = 1) and 1 adjoint chiral multiplet is a complete intersection. A general 
expression of the phethystic logarithm for the complete intersection case can be written 
as 

Nc Nc Nc 

PL[g''''^P^''^)){s,t)] = Y,s'' + + s''''-'^)t' -J^ . (5.5) 

k=l k=l k=l 

Note that the number of relations is equal to the rank of the gauge group and not to 
1 as might naively be expected from the case of SU (Nc) gauge group. 



6. The SO{Nc) Gauge Groups 

Let us turn to the SO{Nc) gauge theory with Nf chiral superfields transforming in the 
fundamental (vector) representation {Nf flavours) and 1 chiral superfield transforming 
in the adjoint representation. The global symmetry of this theory ||2^ is SU{Nf) x 
U{1)r. 



6.1 Examples of Hilbert Series 

We shall derive Hilbert series for various cases. Note that the following subsections are 
not merely a collection of results. They will turn out to be essential for analysing the 
generators of the chiral ring. 



6.1.1 The 50(3) Gauge Group 

Let us now examine the 5*0(3) gauge theory with Nf chiral multiplets in the fun- 
damental representation and 1 chiral superfield in the adjoint representation. The 
Molien-Weyl formula for this theory is 



= ^J ^ ^(1 - .) PE [Nf[l]t + [l]s] 



' ^ -.(6.1) 



27rz 1 z {l-trf{l-tzrs{l-<-)Ns{i-s){l-sz){l 
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Applying the residue theorem, we find that 



(1,50(3))/ _ I 



(2,50(3)). ^ ^ 

^ ' ^ (1 - S2) (1 - St)2(l - St2) (1 - t2)3 ' 

l-t + t^ + 3st^ - 3st^ - sH^ + - sH"^ 

(l-s2)(l-t)6(l + t)5(l_st)3 ' 

,{4,50(3))^^^ t) = 1 + + + 4st + 4s^t + lOt^ + est^ + 205^^2 + 6sH'^ + 20sV + At^ 
+AOst^ + 2Ash^ + 60sh^ + 24sV + 55t^ + 60st^ + 155sY + lOSs^t^ 
+ 190sV + 0(s^)0(t5) . (6.2) 



^(3,50(3)) 



Plethystic logarithms. We shall calculate plethystic logarithms of generating func- 
tions using formula (|2.16| ): 



PL = ,2 ^^^^^2^ 

PL [(7(2,50(3))^^^^)] ^ ^2 ^ + 3t' + se - sY , 

PL y'''^'^^^'>\s, t)] = + 3st + + 3se + e- sH^ - 3st^ - QsH^ + 0{s'>)0{t') , 

PL [g^^'^^^^^\s, t)] = + 4st + lOt^ + Qsf + - 4sH^ - 16st^ - 21sV + sH^ + 0{s'>)0{t') . (6.3) 

The Nf = 1 moduli space is freely generated, i.e. there is no relation between the 
generators. Since the plethystic logarithm for Nf = 2 is a polynomial (not an infinite 
series), it follows that the Nf = 2 moduli space is a complete intersection. 



6.1.2 The 50(4) Gauge Group 

Let us now examine the 5*0(4) gauge theory with Nf chiral multiplets in the fun- 
damental representation and 1 chiral superfield in the adjoint representation. The 
Molien-Weyl formula for this theory is 



X 



PE [Nf[l,0]t+[l,l]s] . (6.4) 
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Applying the residue theorem, we find that 

(l,SO(4))(^ ^) ^ ^ 1 , 

{1 ~ s^ f {1 - t^) {1 - sH^) 
^(2,so(4))(-g^ _ (1 - s^i**)!! - sV) 



(1 - S2)2(l - ^2)3(1 „ 5^2)2(1 _ ^2^2)3 ' 
^ (■''^^ - (I_s2)2^^_^^)3(l + st)3(l_i2)6(^_^^2)3 

iiOsh-^ + 513sV + 0(s^)0(<'^) , 
^(5,so(4))(-^^ i) 1 + 2s2 + _^ 15^2 _^ 20st2 + 455^^2 + 4058^2 ^ 75^4^2 ^ ^^bf^ + SOOsi-* + 62052^-* + 

8lQsH'^ + llSbsH^ + 0(/)0(t^) . (6.5) 



Plethystic logarithms. We shall calculate plethystic logarithms of generating func- 
tions using formula ( |2.16| ): 



PL [(7(i'^o(4))^^^^)] ^2s2 + t2 + 5V, 

PL [(?(2,50(4))(^^^)j ^ + + 2st2 + 3s V - - , 

PL [(7(3'^«(^))(s,t)] = 2s^ + + 6st2 + 6sV _ 6s¥ - 6sV - 6sV + 0(s^)0(t^) , 
PL t)] = 2s^ + lOt^ + 12st2 + lOsV + - 23s2t4 _ 30sV _ 20s^t^ + 0(s^)0(t^) , 

PL t)] = 2^2 + ISt^ + 20st' + 15s V + - 65s V - 90s¥ - 50s^t^ + 0(s^)0(t^) , 

PL [(7('^'^^(^))(s, t)] = 2s^ + 2ie + 30st' + 21sV + 15t^ - 150s V - 210s¥ - 105sV + 0(s^)0(t^) . 

(6.6) 

The Nf = 1 moduli space is freely generated, i.e. there is no relation between the 
generators. Since the plethystic logarithm for Nf = 2 is a polynomial (not an infinite 
series), it follows that the Nf = 2 moduli space is a complete intersection. 

6.1.3 The 50(5) Gauge Group 

Let us now examine the 5*0(5) gauge theory with Nf chiral multiplets in the funda- 
mental representation [1,0] and 1 chiral superfield in the adjoint representation [0,2]. 
The Molien-Weyl formula for this theory is 

,(^/'^^(^)) = j^J ^ / ^ (1 - f 1 - 4) (1 - ^2) f 1 - - 

xPE [Ar^[l,0]t+ [0,2]s] . (6.7) 
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Applying the residue theorem, we find that 



(l,SO(5))/ ^ t 

^ ^ ' ^ (1 - - s^){l - sH){l - t^){l - sH^) 



(1 - S2)(l _ s4)(l _ ^2^)2(1 _ ^2)3(1 _ ^t^^^l _ s2^2)3(l _ ^3^2) 



(1 - S)2(l + + s2)(l - t)6(l + t)6(l _ stf{l + - s2t)3(l - st^f 

(1 + Ss^t^ ^ 333^2 ^ ^^3 _ ^5^3 _ 3^3^4 ^ g^5^4 _^ 3^3^5 _ 3^7^5 _ ^4^6 _ g^5^6 _ g^6^6 

_/t6 _ 3^4^7 ^ 3^8^7 ^ g^6^8 _ 3^8^8 _ ^6^9 ^ ^10^9 ^ 3^8^10 ^ 3^9^10 ^ ^11^12) ^ 

(6.8) 



Plethystic logarithms. We shall calculate plethystic logarithms of generating func- 
tions using formula ( |2.16| ): 



_2j.2 

5 



PL =s^ + s' + sh + e + sH 

PL [^?(2,50(5))^^^ = + / + 2s2t + + st^ + 3s¥ + - - sh' , 
PL [(7(3,50(5))^^^ = + / + Ss^t + 6^2 + 3st2 + 6s2t2 + -ish^ + _ ^5^3 _ 3^3^4 

-QsH' - 3sH' - 6sH' - 3sH' - sH^ - sH' + gs'f + 0(/)0(t^) , 

PL [^(4,50(5))(^^ =3^ + 3" + 43H + + 63t^ + + 63H' + 43t^ - 4s^t3 _ ig^3^4 

-2I3Y - ISs^t^ - 21s^t^ - Ash"^ - 24s^t5 - lOsH"^ - 6sh' - lOsV 
+10s¥ + 1025^^6 + 0{s'^)0{f) , 
PL [^(5"^^(^))(s,t)] = s'^ + s' + 5sH + 15t^ + lOst^ + 15s¥ + lOs^t^ + lOst^ - l^sH^ 

-SOs^t^ - 55s^t^ - 45s^t^ - + - s^t^ - 24s^t^ - lOl/t^ + s^t^ 

(6.9) 



The Nj = 1 moduli space is freely generated, i.e. there is no relation between the 
generators. Since the plethystic logarithm for Nf = 2 is a polynomial (not an infinite 
series), it follows that the Nf = 2 moduli space is a complete intersection. 



6.1.4 The 50(6) Gauge Group 

Let us now examine the S0{6) gauge theory with Nf chiral multiplets in the fun- 
damental representation and 1 chiral superfield in the adjoint representation. The 
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Molien-Weyl formula for this theory is 



Z1Z2, 
Z2 



) (1 - Z2Z^) {1 - PE [Nf[l, 0, 0]i + [0, 1, l]s] . (6.10) 



Applying the residue theorem, we find that 



(1-S4t'l)(l-S'^t^)(l-S8t4) 
(1 - S2)(l _ s3)(l _ 54)(1 _ ^2)3(1 _ s^2)(l _ ^2^2)4(1 _ s3^2)(l _ ^4^2)3 ' 

^(3,so(6))^^^ t) = 1 + s2 + + 2s^ + + 3.96 + + 49« + + 5si° + + Sst^ + 15sV 

+ l2sH'^ + 30s^t^ + 245^^2 + 48s^t^ + 42s^t2 ^ 725^^^ ^ 53^,9^2 ^ 99^10^2 ^ 21^^ 
+ 18st^ + Sls^t^ + 84s^t^ + 204s^t^ + 204s^t^ + 381s^t^ + 387s^t^ + 621s^t^ 
+624s^t^ + 915s^°t^ + 56t^ + 63st^ + 2SlsH^ + 354s3t^ + 867s^t^ + 1028s^i^ 
+1907s^t'^ + 2182s^t^ + 3446s^t^ + 3825s^t'' + 5474s^°t^ + 0{s^^)0{f) , 

^(4,so(6))^g^ = 1 + + s3 ^ 2s^ + + 3s^ + lOt^ + 6sf + 26sH^ + 22sH^ + 52sH'^ 

+UsH^ + 84:sH'^ + 55i^ + 61si^ + 236s^i^ + 2725^^4 + Q02sH^ + 6545^^^ + 
+1139s¥ + 220t^ + 340st^ + 1316s^t^ + 1916s^i^ + 4252s¥ + 55A0sH^ 
+95185^^^ + 0(s^)0(0 , 

g{5,so(6))(^^^ = 1 + + + 2s^ + + 3s^ + 15t^ + lOst^ + AOsH'^ + 35sH^ + 80sV 

+70sH^ + ISOsH'^ + 120^^ + 155si^ + 550sY + 675s¥ + 1415s¥ + IGlOs^t^ 
+2695s¥ + 680t^ + 1275st^ + 4555sV + 7195s^i^ + 15105s^i^ + 20650sH^ 
+3m5sH^ + 0{s'^)0{f) , 

^(5,50(6))^^^ t) = 1 + s2 + ^3 + + + Ss^ + 21^^ + 15st^ + 57sH^ + 51sh^ + lUsH^ 

+102sH'^ + 186sH^ + 23U^ + 330st^ + 11075^^^ + 1416s¥ + 2865s¥ + 3357s¥ 
+5478s¥ + 1772i^ + 3780st^ + 12832s¥ + 21316s¥ + 43220s¥ + 60768s¥ 
+977445^^^ + 0(/)0(t^) . (6.11) 



Plethystic logarithms. We shall calculate plethystic logarithms of generating func- 
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tions using formula (|2.16| ): 



PL[^(i.50(6))(5,t 



s' + s^ + s^ + t' + sH' + sH^ , 

3^ + 3^ + 3" + 3t^ + 3t' + 43H^ + 3h^ + 33H' - 3H^ - 3^' - 3Y , 
3^ + 3^ + 3^^ + 6t^ + 3st^ + 93H'^ + 33h^ + 63H'^ - 6sV - 3s^t^ 
-9sV - 3sV - 6s«t^ - - 3H' - 3H' + 93H' + Qs^t^ 

3'^ + 3^ + 3^ + + Gst^ + les^t^ + es^t^ + lOs^t^ + st^ - 22s^t^ 

-16s4^ - 3Q3H^ - 6s¥ - 1Q3H^ - 323H^ - lOs^t^ + 0(s^)0(t^) , 

+ + / + ISt^ + lOst^ + 25s2t2 + lOs^t^ + ISs^t^ + 5st^ - 60sV 
-SOs^t^ - lOOs^t^ - 553H^ - lOSs^t^ - 220s^t^ - A53H^ + 0(s^)0(t^) , 
5^ + 5^ + / + 21^2 + 15st2 + 36sV + 15s¥ + 21sV + 15st^ - 135sV 
-120s^t^ - 225s^t^ + - 3H^ - 2Ql3H^ - 436s^t^ - 903s^t^ - 139s^t^ 
+0(s^)0(t^) . (6.12) 



The Nf = 1 moduli space is freely generated, i.e. there is no relation between the 
generators. Since the plethystic logarithm for Nf = 2 is a polynomial (not an infinite 
series), it follows that the Nf = 2 moduli space is a complete intersection. 

6.2 Generators of the Chiral Ring 

Using plethystic logarithms computed in preceding subsections, we can write down 
the generators of SO{Nc) adjoint SQCD and representations of SU{Nf) in which they 
transform. We will make a distinction between S0{2m) and S0{2m + 1) gauge groups. 



6.2.1 The S0{2m) Gauge Groups 

The generators of the chiral ring in the case of S0{2m) are as follows: 
Casimir invariants : s^^ 

Even adjoint mesons : s^^'t^ 

Odd adjoint mesons : s^^^^t^ 



M2fc = Tr(02^') k = l,...,m-l 
[0, . . . , 0] 1 dimensional , 
(A^kY' = Q\M^%,a,Qi, = 0, . . . ,m - 1 
[2,0,..., 0] \Nf{Nf + 1) dimensional , 



(A 



2fc + ly 



1012^02 — 0, 



,m — 2 



Adjoint baryons 



3H^ 



[0, 1, 0, . . . , 0] \Nf{Nf - 1) dimensional , 

f:ai...a2kQ'2k+l---o^2k+l A) A 



)n nil 
with 2k + I = 2m, k = 0, . . . ,m 
[0, . . . , 0, h-L, 0, . . . , 0] (2^2fc) dimensional . 
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The total number of generators is 

k=0 ^ ^ 

which behaves as N^" jN^. for large values of Nc- 
6.2.2 The 50(2m+ 1) Gauge Groups 

The generators of the chiral ring in the case of SO {2m + 1) are as follows: 

Casimir invariants : s^*^ — > U2k = Tr(0^'^) k = 1, . . . ,m 

[0, . . . , 0] 1 dimensional , 
Even adjoint mesons : s^H^ (^2fe)^^' = Ql^ (0^'')aia2Qi A; = 0, . . . , m - 1 

[2,0,..., 0] lNf{Nf + 1) dimensional , 
Odd adjoint mesons : s^'^+H'' ^ (A^k+iY^ = Ql, {4>''''^^)a,aM, A; = 0, . . . , m - 1 

[0, 1, 0, . . . , 0] \Nf{Nf - 1) dimensional , 
Adjoint baryons : sH' ^ = e----2ka,,+,...a,,^^^^^^^ Kk-,a,,Ql\,^, ■ ■ ■ Q^,^, 

with 2A; + / = 2m + 1, = 0, . . . , m 

[0, . . . , 0, li-L, 0, . . . , 0] {2m+i-2k) dimensional 

The total number of generators is 

fe=o ^ ^ 

which behaves as N^^/NJ for large values of Nc- It is to be noted that, among the 
adjoint mesons of SO{Nc) gauge theories we have just hsted, the generator is what 
we referred to as meson in the preceding sections. We have listed it among the adjoint 
mesons only for simplicity. 

6.3 Complete Intersection Moduli Space 

We have seen from several examples in the preceding sections that 

• The moduli space of the SO{Nc) gauge theories with 1 fundamental chiral super- 
field and 1 adjoint chiral superfield is freely generated, 

• The moduh space of the SO{Nc) gauge theories with 2 fundamental chiral super- 
fields and 1 adjoint chiral superfield is a complete intersection. 
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Generalising these examples, we write down general expressions for the fully refined 
plethystic logarithms in the case of 2 fundamental chiral superfields as 



k=l k=l 

m 

k=l 

m—1 m m— 1 

pL[^(2,50(2„.)) ^^)] ^ ^ ^2fe ^ ^n. ^ ^ ^ ^^(^-^(i^ + ^^^^ + tj) + ^''"'^1^2 

fc=l fc=l fe=l 

m 



fc=l 



Note that the number of relations is equal to the rank of the gauge group and not to 
1 as might naively be expected from the case of SU{Nc) gauge group. The plethystic 
logarithms in the case of 1 fundamental chiral superfields can be easily obtained by 
setting ti — t, t2 — 0: 

m m 
pL[^(l,50(2m+l))(^^^)] ^ ^^2fc^^m^^^^2(fc-l)^2 ^ 

k=l k=l 
m—1 m 
pL[^(l,50(2m))(^^^)] = J2s'' + S^' + J2s'^'-'h^ . (6.16) 



k=l k=l 



7. The G2 Gauge Group 

Let us now examine the G2 gauge theory with Nf chiral multiplets in the fundamental 
representation and 1 chiral superfield in the adjoint representation. 

7.1 Examples of Hilbert Series 

The Molien-Weyl formula for this theory is 

«'""°" = 7Al/ -/ 55^2(l-.:)(l-^^)(l-^i)(l-..)x 

{^TTty J\zi\=l Zl Z2 \ Z2J V Z2J 
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Applying the residue theorem, we find that 

0(1,G2)/ ^ i 

^(^'^^^(s, t) = 1 + + + 2s^ + + 2s^° + 3s^2 + 25^^ + 2s^t + 2sH + AsH + As^H + 
+ st^ + 6sH'^ + 2sH'^ + 9sH'^ + 3sH'^ + 15sH^ + Ash^ + 18sH^ + hsH'^ + 
21s^°t^ + 65^4^ + 27s^h'^ + 2st^ + 2sh^ + l2sH^ + 6s^t^ + 20s^t^ + 12s^t^ + 
2SsH^ + 16s^t^ + 42s^t^ + 2Qs^^t' + SOs^^t^ + 2Qs^H^ + + 3st^ + llsH'^ + 
12s='t^ + 37sV + 25s-^t^ + 70s^t^ + 41sV + 99s«t^ + Qlsh" + 128s^V + 
77s^H^ + ims^H'^ + 6st^ + ^sH^ + 38s^t^ + 32s^f^ + M.^'f^ + 74s6t5 + 146s¥ + 
122s^t^ + 226s^t^ + 174s^°t^ + ?,ms^H^ + 232s^2t^ + lOt^ + 6st^ + ?,7sH^ + 
36s^t6 + IQhsH^ + lOOs^t^ + 233s^i^ + 198sV + 385s^i^ + 330s^i^ + 560s^°i^ + 
466s"t^ + 764s^V + 0(s^^)0(t^) , 

g^^'^^\s, = 1 + + + 2s^ + 2s^ + 2s^° + 3s^^ + 2>sH + 2,sH + 3s^t + Gs'^i + &s^H + 6^^ + 

3st^ + 12s2t2 + 6s=^t^ + l^sH"^ + Qs^t^ + 30s^t^ + 12s^i^ + 36s^t^ + IbsH'^ + 42s^°t2 + 
185^^2 + hAs^H'^ + + 8si^ + IQsH^ + 375^^^ + 27sV + 63s^i^ + 47s^i^ + 89sV + 
64s¥ + 128sV + d>ls^H^ + 154s^^i^ + IQls^H^ + 2U^ + 21si^ + 725^^^ + 75s^i^ + 
162sV + 153s^i^ + 297s¥ + 246sV + 423s^i^ + 3485^^^^ + M^s^H^ + 441s^^i^ 
+699s^^i^ + + blst^ + %Qsh^ + 255s^i^ + 300s^i^ + 570s^i^ + 621s^i^ + 978s^t^ 
+990s^i^ + UUsh^ + 1383s^°i^ + 1932s^^i^ + 1794s^^i^ + + 89si^ + 317s^i^ 
+471s^i^ + 980s^i^ + 1235s^i^ + 2lQAsH^ + 2339s^t^ + 3487s^i^ + 3687s^i^ 
+5040s^°i^ + 51065^^6 + 6725si2t^ + 0{s^^^)0{i^) , 

g^^'^^\s, t) = 1 + + / + 2s^ + 2s^ + 2s^° + 35^^ + AsH + Ash + Ash + Ssh + 8s^h + 

+ 6st^ + 20sH^ + 12sH^ + 30sH^ + 18sH^ + 50sH^ + 2Ash^ + GOs^t^ + 30^^^^ + 
70s^°t^ + 36s"t^ + 90s^h^ + At^ + 20st^ + 28sh^ + 8Ash^ + 72sH^ + 144s^t^ + 
120sH^ + 204sV + IGAsh^ + 288sh^ + 208s^°t^ + 348s"t''^ + 256s^h^ + 56t'^ + 
75st^ + 2125^^^ + 256s'V + 483s^t^ + 516s-V + 870s^t^ + 82Ls^t^ + 124LsV 
1612s^°t'^ + 1447s^4^ + 2034s^^t'^ + 40^"' + 224st^ + A36sh^ + 1028s''^t-' + 1356s^t^ + 
2292s^t^ + 2696s^t^ + 3896s^t^ + 4232s^t^ + 5740s^t^ + 5852s^°t^ + 7544s"t^ + 



7512s^H^ + 240t^ + 550st^ + 16403^^^ + 2756s^t^ + 5140s^t^ + 7010s-'^t^ + 10820s^t^ + 
12980s^t'' + 17810s^i^ + 20036sV + 25550s^°i^ + 27466s^^i^ + 337405^^^^ + 
0{s^^)0{f) . (7.2) 
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Plethystic logarithms. We shall calculate plethystic logarithms of generating func- 
tions using formula (|2.16| ): 



PL [g'^'''''\s, t)] =s' + s'^ + sh + t' + sH' + sH' + sh' + sH' - s'H' , 

PL [g^^'^^\s, t)] = s'^ + s^ + 2sH + St^ + st^ + Ss^t^ + sH"^ + ?,sH'^ + sH'^ + 2st^ + 2sH^ 

+AsH'' + 2sH^ + 2sH'' + AsH^ + sH* + "isH^ - sH^ - 2sH^ - 3sH' - s''t^ 
-4sh^ - 8sh^ - 8sh^ - 8sh^ - 8sh^ - 8s^°t^ - As^H^ - 3sH^ - 5sh^ 
-lOsH^ - - UsH'^ - 13sV - lls^°t^ - 7s"t*^ - 7s^H^ + 0{s^^)0{f) . 

PL [g^'^'^^\s, t)] = s^ + s^ + 3sH + + 3st^ + 6sh^ + 3sh^ + 6s V + 3sh^ + + 8st^ + 9s V 
+ llsH^ + 8sH^ + 8sH^ + lOsH^ - sH^ + 3st^ + Os^t^ + 15s^t^ - 3sV - 6sV 
-6sV - IbsH'^ - 18sH'^ - 6s^°t^ - 3s^t^ - 18sH^ - 5AsH^ - 87sH^ - 8AsH^ 
-81sh^ - 78sV - 63s^V - 27s^^t^ + 6s^V - lOsV - 35s^t^ - 81sH^ 
-136s^t^ - 209s^t^ - 260s^t^ - 224s^t^ - 138s^t^ - 89s^h^ - 26s^H^ 
+335^2^6 + 0(s^3)0(t^) , 

PL [g^^'^^\s, t)] = s^ + s^ + AsH + lOt^ + 6st'^ + lOsH'^ + 6sh'^ + lOsH'^ + 6sH'^ + At^ + 20st^ 

+24s^t^ + 24s^t^ + 20s'^t^ + 20s^t^ + 20s'^t^ - 4s^t^ + t^ + 15st^ + 35sY + 45sh^ 
-16sH^ - 22sH'' - 30sV - 56sV - 60sV - 21s^^t'' + s^H^ - 4sV _ 28sH' 
-124s^t^ - 288s^t^ - 424s*'t^ - 408s V - 380s^t^ - 356s^t^ - 260s^°t^ - 96s"t^ 
+AOs^h^ - 16st^ - 116s^t^ - 332s^t^ - 646s^t'^ - 1028s^t^ - 1454s^t'' - 1620s^t^ 
-1288s^t^ - 684sV - 312s^°t^ + 78s"t'^ + 474s^2t^ + 0{s^^)0{f) . (7.3) 

7.2 Generators of the Chiral Ring 

We note that G2 has 3 independent invariant tensors 5'*^, e'^i---'^^ g^j^^ ^010203^ 

where the last two tensors are totally antisymmetric and the indices run over 1 to 7. 
According to (|2.10|) , we shall denote the adjoint field by an antisymmetric tensor 0"'' 
with the property 

fabcr' = . (7.4) 

Note that (p"'^ has |(7 x 6) — 7 = 14 independent components which is equal to the 
dimension of the adjoint representation of G2- Equipped with plethystic logarithms, 
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wc can write down the generators of the chiral ring as follows: 
Casimir invariants : 



Adjoint-quark invariants 
Even adjoint mesons : 
Odd adjoint mesons : 
3-baryons : 
Adjoint 3-baryons : 



4-baryons : 
Adjoint 4-baryons : 



S2 




= TV((/.2) 




[0, 


...,0] 






= Tr{4>^) 




[0, 


...,0] 


sH 


^ A' 


_ ^ai...ar^ 



[1,0,... ,0] 

[2,0,...,0] 



•I 

07 



3 



0,1,2 

A; = 0,1, 2 



2+3 



ai 02 ^ £12 

[0,1,0,... ,0] 

Bijk ^ fabcQ'^QlQk 

[0,0,1,0,...,0] 
[1,1,0,... ,0] 

[1,1,0,. ..,0] + [0,0, 1,0,. ..,0] 
[3,0,...,0] + [0,0,l,0,...,0] 

Ho,0,4 = fQQP4 , Ho,l,3 = /QP1P3 
Bl,l,2 = fPlPlP2 

[1,1,0,... ,0] 

^0,0,5 = fQQP^ , 

[1,1,0,... ,0] 

^0,0,6 = fQQPe , ^0,1,5 
fio,3,3 = fQPsPs 
^1,1,4 = fPlPlP4 

[3,0,...,0] 

Jjil-.-H — ^ai...a-j 

[0,0,0,1,0... ,0] 

p^n...i4 _ ai...a7/nii (^12 /nis ( p, ^4 f 
"0,0,0,1 ~ ^ai^a2^a3\-^^/a4Ja,5a6a7 

[1,0,1,0... ,0] 

ai...a7(jii Qi2 f)i:i ( p„y4 f 
fc ^ai'^a2^a3\^2)a4Jar,a6a7 ) 

^ ^ QaiQa2iP^)a3{Pl)a4faza6a7 

[1,0,1,0. ..,0] + [0,2,0,...,0] 

"0,0,1,2 ~ t ^ai^a2y-'^^)a3\-^2)a4Ja5a6ar ) 

^0^1,1^1 ~ ^"^ ' "'^Qa^ (-^1)02 (-^1)03 (-Pl)a4/a6a6a7 

[2,1,0... ,0] 



^0,1,4 — JQPiPa , 

, ^1,1,3 = fPlPlP^ 



r"'"''Qi\{Pi)l\{P2) 



Bo,2,2 = fQP2P2 



^0,2,3 = fQP2P3 



Cl ) 



/QP1P5 , Ho,2,4 = /QP2P4 , 
^1,2,3 = fPlP2P3 , ^2,2,2 = /P2P2P2 , 



^04 /is (1617 



r 11...14 
"0,0,0,2 

0,0,1,1 
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Note that the Casimir invariant = Tic{(j}^) can be obtained from U2 as follows: 

U4 = ^ul . (7.5) 

Therefore, we do not include U4 in the above list. 

As for the case of the SU{Nc) gauge groups, we emphasise that the representations 
written above are not the ones in which the generators transform; however, they are the ones 
in which the relations have already been taken into account. 



Total number of generators. Using the trick mentioned in Section [4.1.2| , we find that 
the total number of generators is ^ (^24 - 524iV/ + 957iVj - 430iV| + 697V| j . 

8. A Geometric Apergu 

In the preceding sections, we computed Hilbert series and their plethystic logarithms which 
count generators and relations in the chiral rings of adjoint SQCD. In the following, we shall 
extract a number of useful geometrical properties of moduli spaces from Hilbert series. 

8.1 Palindromic Numerator 

We have observed in many case studies before that the numerator of the Hilbert series for 
adjoint SQCD is palindromic, i.e. it can be written in the form of a degree ki, k2 polynomial 
in s, t: 

fci k2 
m=0 n=0 

with symmetric coefficients a(^j„„) (^.^-n) = o,m,n- We establish the following theorem: 

Theorem 8.1. Let P{s,t) be a numerator of the Hilbert series g{s,t) such that P{1, 1) 7^ 0. 
Then, P{s,t) is palindromic. 

We shall use the following lemma to prove the above theorem. 

Lemma 8.2. Let d be the dimension of the moduli space and let da he the dimension of the 
gauge group G. Then, the Hilbert series obey: 

5(^/'^)(l/s,l/t) = {-lfs'^'^t'^g^^f^^\s,t) (8.2) 

Proof. For definiteness, we shall prove only the case of G = SU{Nc), i.e., 

g{N„SU{N.)) ^l/s,l/t) = (^-l)ds^?-H''gi^f^SUiN.)){s,t) , (8.3) 

where d = 2NfNc. The others can be proven in a similar fashion. 



- 48 - 



We write down the Molien-Weyl formula as 
giNf,su{N.))^^^ t) = / dfisu{N.) PE [Nf ([1, 0, . . . , 0] + [0, . . . , 0, 1]) i + [1, 0, . . . , 0, l]s] 

JSU{N^) 

suiN.) nji -tui=i' ^rrni -tuh-' ^rr^ (i - ^)^^-' 

^ (8.4) 



where w denotes the collection of the weights of the fundamental representation, q+ denotes 
the collection of the positive roots, and the subscript / denotes the l-th component of the 
weight or root. 

Let us turn to g^^f'^^^^^^^l/sjl/t). Under the transformations s — > 1/s and t — > 1/t, 



the integrand in (8.4) changes to (up to a minus sign) 



S 



nji -tuf=i' -r)^^(i -tuf=i' ^r^r^ (i - s^^-^ (i - ^a=v' -rO (i - ^n;iv' 



Now let us obtain the correct overall sign. An easy way to do so is to consider the expansion 
of g^^f'^^^^^^^Sjt) as a Laurent series around s, t = 1: 



oo oo 



m\=—pm2=—q 

(as s, t — > 1) where p + q = d. (Recall that d is the dimension of the moduli space, which is 
equal to the order of the pole at t = 1 of the unrefined Hilbert series g^^f'^''\t,t) .) There- 
fore, we see that as s, t ^ 1, the signs of g(^/'^'^(^'=))(l/s, 1/t) and g(^/'^^(^=))(s, t) differ by 
(— 1)*^. Combining this with (^.5|), we prove the first formula in (|8.3| ). □ 



We are now ready for our claim. 

Proof of Theorem |8.1j . We note that the denominator of the Hilbert series g{s,t) is in 
the form Yiki^ ~ s"'=)^'= Ylii^ ~ ^'^O'^S where a^, b^, ci, di are non-negative integers. Observe 
that upon the transformation s — > 1/s and t — > 1/t, the denominator picks up the sign 
(— l)^fc ''fe+Ei Now if the numerator Pit) does not vanish at s = t = 1, then Ylk + Yli di 
is exactly the order of the pole at t = 1 of the unrefined Hilbert series g{t,t), which is equal 
to the dimension d of the moduh space. Since P{s,t) = g{s,t) 11^(1 ~ s"'')^'' Yli{l — t^^Y\ it 
follows from (|8.2| ) that P{s, t) is palindromic. □ 

8.2 The Adjoint SQCD vacuum Is Calabi-Yau 

Similar situations were encountered in [||, ^, |l^ . Due to a well-known theorem in commutative 
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algebra called the Hochster-Roberts theorem^^'^^ IsO], our coordinate rings of the moduli 



space are Cohen-Macaulay. Therefore, as an immediate consequence of Theorem and 
the Stanley theorem^^ |31], the chiral rings are also algebraically Gorenstein. Since afiine 
Gorenstein varieties means Calabi-Yau, we reach an important conclusion: 

Theorem 8.3. The moduli space of the adjoint SQCD is an affine Calabi-Yau cone over a 
weighted projective variety. 

8.3 The Adjoint SQCD Moduh Space Is Irreducible 

In this subsection, we demonstrate that the classical moduli space of adjoint SQCD is irre- 
ducible. Similar situations were encountered in 0]. 

As in the moduli space (in the absense of a superpotential) of adjoint SQCD can be 
described by a symplectic quotient: 



C"//G = C"/G" 



(8.6) 



where denotes the complexification of gauge group and n is the total number of the chiral 
superfields (both transforming in fundamental and adjoint representations): 

2N,Nf + (iV2 _ 1) 
m,Nf + ^N,{N, + 1) 
N,Nf + ^N,{N, - 1) 
7Nf + 14 

Since is irreducible and is a continuous group, we expect the resulting quotient to be 
also irreducible^^. 



n 



for 


G = 


SU{Nc 


for 


G = 


Sp{N,) 


for 


G = 




for 


G = 


G2. 



Acknowledgements 

We would like to thank Scott Thomas for asking a question that initiated this project, as well 



as Nathan Seiberg, Kenneth Intriligator and Michael Douglas for discussions in §4.4.1. We are 
indebted to James Gray, Vishnu Jejjala and Yang-Hui He for discussions. N. M. would like 
to express his deep gratitude towards his family for the warm encouragement and support, 
as well as Carl M. Bender, Alexander Shannon, Fabian Spill and Sam Kitchen for their help 
and dicussions. He is also grateful to the DPST project and the Royal Thai Government 
for funding his research. G. T. wants to offer his most heartfelt thanks to his family for the 



^''This theorem states that the invariant ring of a linearly reductive group acting on a regular ring 
is Cohen-Macaulay. 

^^We are grateful to Richard Thomas for drawing our attention to this important theorem. 
^^This theorem states that the numerator to the Hilbert series of a graded Cohen-Macaulay domain 
R is palindromic if and only if R is Gorenstein. 

^^We are grateful to Alberto Zaffaroni for this point. 



- 50 - 



precious support during the preparation of this work, as well as to Elisa Rebessi for being 
such a wonderful source of understanding and encouragment for anything. He is grateful 
to Collegio di Milano, especially to Luis Quagliata, for the privilege he has been given of 
spending there three marvellous years. 

References 

[1] J. Gray, A. Hanany, Y. H. He, V. Jejjala and N. Mekareeya, "SQCD: A Geometric 
Apercu," arXiv:0803.4257 [hep-th]. 

[2] A. Hanany and N. Mekareeya, "Counting Gauge Invariant Operators in SQCD with 
Classical Gauge Groups," arXiv:0805.3728 [hep-th]. 

[3] S. Bcnvcnuti, B. Feng, A. Hanany, and Y. H. He, "Counting BPS operators in gauge 
theories: Quivers, syzygies and plethystics," arXiv:hep-th/0608050. 

[4] Y. Noma, T. Nakatsu and T. Tamakoshi, "Plethystics and instantons on ALE spaces," 
arXiv:hep-th/0611324. 

[5] B. Feng, A. Hanany, and Y. H. He, "Counting gauge invariants: The plethystic 
program," JHEP 0703, 090 (2007) [arXiv:hep-th/0701063]. 

[6] D. Forcella, A. Hanany, and A. Zaffaroni, "Baryonic generating functions," 
arXiv:hep-th/0701236. 

[7] A. Butti, D. Forcella, A. Hanany, D. Vegh, and A. Zaffaroni, "Counting chiral 
operators in quiver gauge theories," arXiv:0705.2771 [hep-th]. 

[8] D. Forcella, "BPS Partition Functions for Quiver Gauge Theories: Counting Fermionic 
Operators," arXiv:0705.2989 [hep-th]. 

[9] A. Hanany, N. Mekareeya and A. Zaffaroni, "Partition Functions for Membrane 
Theories," arXiv:0806.4212 [hep-th]. 

[10] A. Hanany and A. Zaffaroni, "Tilings, Chern-Simons Theories and M2 Branes," 
arXiv:0808.1244 [hep-th]. 

[11] P. Pouliot, "Molien function for duality," JHEP 9901 (1999) 021 
[arXiv:hep-th/9812015]. 

[12] C. Romelsberger, "Counting chiral primaries in N=l, d=4 superconformal field 
theories," Nucl. Phys. B 747 (2006) 329 [arXiv:hep-th/0510060]. 

[13] A. Hanany, "Counting BPS operators in the chiral ring: The plethystic story," AIP 
Conf. Proc. 939, 165 (2007). 



- 51 - 



[14] F. A. Dolan, "Counting BPS operators in N=4 SYM," Nucl. Phys. B 790, 432 (2008) 
[arXiv:0704.1038 [hep-th]]. 

[15] F. A. Dolan and H. Osborn, "Applications of the Superconformal Index for Protected 
Operators and q-Hypergeometric Identities to N=l Dual Theories," arXiv:0801.4947 
[hep-th] . 

[16] D. Forcella, A. Hanany, Y. H. He, and A. Zaffaroni, "The master space of A'' = 1 gauge 
theories," arXiv:0801.1585 [hep-th]. 

D. Forcella, A. Hanany, Y. H. He, and A. Zaffaroni, "Mastering the master space," 
arXiv:0801.3477 [hep-th]. 

[17] D. Kutasov, "A Comment on duality in N=l supersymmetric nonAbelian gauge 
theories," Phys. Lett. B 351, 230 (1995) [arXiv:hep-th/9503086]. 

[18] D. Kutasov and A. Schwimmer, "On duality in supersymmetric Yang-Mills theory," 
Phys. Lett. B 354, 315 (1995) [arXiv:hep-th/9505004]. 

[19] D. Kutasov, A. Schwimmer and N. Seiberg, "Chiral Rings, Singularity Theory and 
Electric-Magnetic Duality," Nucl. Phys. B 459, 455 (1996) [arXiv:hep-th/9510222]. 

[20] A. Giveon and D. Kutasov, "Brane dynamics and gauge theory," Rev. Mod. Phys. 71, 
983 (1999) [arXiv:hep-th/9802067]. 

[21] D. Kutasov, A. Parnachev and D. A. Sahakyan, "Central charges and U(1)R 
symmetries in N = 1 super Yang-Mills," JHEP 0311, 013 (2003) 
[arXiv:hep-th/0308071]. 

[22] A. Parnachev and S. S. Razamat, "Comments on Bounds on Central Charges in N=l 
Superconformal Theories," arXiv:0812.0781 [hep-th]. 

[23] R. G. Leigh and M. J. Strasslcr, "Duality of Sp(2N(c)) and SO(N(c)) supersymmetric 
gauge theories with adjoint matter," Phys. Lett. B 356 (1995) 492 
[arXiv:hep-th/9505088]. 

[24] M. A. Luty, M. Schmaltz and J. Terning, "A Sequence of Duals for Sp(2N) 

Supersymmetric Gauge Theories with Adjoint Matter," Phys. Rev. D 54 (1996) 7815 
[arXiv:hep-th/9603034]. 

[25] W. Fulton and J. Harris "Representation Theory: A First Course," New York: 
Springer (1991). 

[26] H. Derksen and G. Kemper "Computational Invariant Theory," New York: Springer 
(2002). 



-52- 



[27] I. Pesando, "Exact results for the supersymmetric G(2) gauge theories," Mod. Phys. 
Lett. A 10, 1871 (1995) [arXiv:hep-th/9506139]. 

[28] S. B. Giddings and J. M. Pierre, "Some Exact Results In Supersymmetric Theories 
Based On Exceptional Groups," Phys. Rev. D 52, 6065 (1995) [arXiv:hep-th/9506196]. 

[29] J. Distler and A. Karch, "N = 1 dualities for exceptional gauge groups and quantum 
global symmetries," Fortsch. Phys. 45, 517 (1997) [arXiv:hep-th/9611088]. 

[30] M. Hochster, J. L. Roberts, "Rings of invariants of reductive groups acting on regular 
rings are Cohen-Macaulay" Adv. Math. 13 (1974), 115-175. 

[31] R. Stanley, "Hilbert functions of graded algebras," Adv. Math. 28, 57 (1978). 

[32] P. C. Argyres and A. E. Faraggi, "The vacuum structure and spectrum of N=2 
supersymmetric SU(n) gauge theory," Phys. Rev. Lett. 74, 3931 (1995) 
[arXiv:hep-th/9411057]. 

[33] A. Hanany and Y. Oz, "On the Quantum Moduli Space of Vacua of iV = 2 
Supersymmetric SU{Nc) Gauge Theories," Nucl. Phys. B 452, 283 (1995) 
[arXiv:hep-th/9505075]. 



-53- 



